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ABSTRACT

We consider a cooperative communication system where the
destination node receives an orthogonal frequency-division
multiplexing (OFDM) signal transmitted from two relay nodes. We
propose and compare two pilot-aided algorithms for the estimation
of the carrier frequency offsets (CFOs) and the channel impulse
responses (CIRs) associated with the two relay-destination links.
The first algorithm uses a basis expansion model (BEM) to
estimate a time-varying (TV) multiple-input single-output (MISO)
channel that incorporates both CFOs and CIRs effects. The CFOs
are then extracted from the estimated TV-MISO channel by
applying estimation of signal parameters via rotational invariance
techniques (ESPRIT). The second algorithm exploits the structure
of a specific pilot sequence and estimates the CFOs by directly
applying ESPRIT on the observed signal. Simulation results show
the effectiveness of the proposed algorithms.

Index Terms—Carrier frequency offset (CFO), channel
impulse response (CIR), cooperative communications, ESPRIT,
OFDM, pilot-aided estimation, relay.

1. INTRODUCTION

Cooperative transmitting strategies for wireless networks equipped
with relay nodes have recently attracted several research efforts
[1], [2], and are expected to play an important role in 4G wireless
systems. Relays grant wider coverage, reduced power consump-
tion, and potentially transmit diversity by exploiting distributed-
array approaches [2]. The simplest relaying strategy consists in
amplify-and-forward where the signal is just amplified and retrans-
mitted to the destination. Alternatively, decode-and-forward (DF)
relays completely regenerate the signal towards the destination,
perhaps introducing a (different) carrier frequency offset (CFO) for
each relay. Thus, in fixed and nomadic DF-relay networks, the
destination node receives several replicas of the transmitted signal,
each one impaired by a different multipath fading channel and
CFO. A similar situation occurs in single-frequency broadcasting
networks with multiple transmitters in the same area.

Orthogonal frequency-division multiplexing (OFDM) is a
common choice to deal with the frequency selectivity induced by
multipath; however, (multiple) CFO destroys the subcarrier ortho-
gonality of OFDM, introducing intercarrier interference, which se-
verely degrades the performance. While a single CFO can be fairly
estimated and compensated at the receiver side, multiple CFOs in
multiple fading channels request both sophisticated estimation and
compensation techniques [3], [4], [5].

When coordination among nodes is possible, as in the uplink
of orthogonal frequency-division multiple-access (OFDMA) sys-
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tems, the destination node (e.g., a base station) may be interested in
estimating all the CFOs, in order to feed them back to each user
and enable CFO precompensation [3]. This way, the destination
node has only to compensate for the time-invariant (TT) multiple-
input single-output (MISO) channel impulse response (CIR) that
conveys the data. But in uncoordinated scenarios, where the differ-
ent CFOs are not precompensated, the CFOs convert the TI-MISO
CIR into a time-varying (TV) MISO CIR, which requests complex
TV equalization schemes. In this context, rather than estimating the
different CFOs and the TI-MISO CIR, a possible approach is to
estimate the overall TV-MISO CIR, especially if the equalizer at
the destination node employs the TV-MISO CIR.

Since estimation of CFOs is a classical multiple frequency es-
timation problem, several approaches are available in the literature,
based either on maximum likelihood (ML) methods [6], or on mul-
tiple signal classification (MUSIC) [5], [7], or on estimation of
signal parameters via rotational invariance techniques (ESPRIT)
[8], [9], [10]. These methods can also be exploited for the estima-
tion of the TI-MISO CIR, separately or jointly with the CFOs. Al-
ternatively, the estimation of the TV-MISO CIR, which does not
explicitly provides the CFOs and the TI-MISO CIR, can rely on a
basis expansion model (BEM) [11], as investigated in [12], [13].

This paper focuses on a two-relay DF-OFDM system, where a
training (pilot) sequence is dedicated to CFOs and MISO CIR esti-
mation. The system under consideration does not exploit ortho-
gonal (subband-based) training among the relays [3], [4], which
would simplify the estimation problem but would also request
higher network coordination. Actually, the two relays exploit the
same training, which is simply received by the source node. Addi-
tionally, it is assumed coarse time synchronization, because of the
OFDM cyclic prefix (CP). In this framework, to avoid the com-
plexity of an ML estimate [3], [6], this paper proposes two
ESPRIT-based algorithms for separate estimation of CFOs and TI-
MISO CIR. The first algorithm suggests a BEM estimation of the
TV-MISO CIR, and applies ESPRIT on the estimated TV-MISO
CIR to extract the CFOs. The second algorithm takes advantage of
a time-domain Kronecker-delta (TDKD) training, which is mean-
squared error (MSE) optimal [14], enabling a direct application of
ESPRIT on the observed data. In both algorithms, the TI-MISO
CIR is reconstructed using a least-squares (LS) approach. The per-
formance of the two algorithms, expressed in terms of MSE for
both CFO and TV-MISO CIR estimates, is compared by means of
simulations, which highlight the effectiveness of the proposed
algorithms, as well as the effects of different system parameters.

2. TWO-RELAY SYSTEM MODEL

Let us consider an OFDM-based cooperative communication with
a source node, two relay nodes, and a destination node. In the



broadcasting phase, the source node sends a pilot sequence to two
relays. In the relaying phase, the relays forward the pilot sequence
to the destination node. We assume that there are no errors on the
broadcasting phase, and we focus on the relaying phase.

We assume OFDM with N subcarriers and CP length L, .
Let us denote with x the time-domain pilot sequence of size N
transmitted by the source node. Therefore, the R=2 relays
forward the same pilot sequence x to the destination. We assume
that the asynchronism delay between the two relays, which is neg-
ligible with respect to the CP duration, can be incorporated into the
CIRs. By denoting with & the CFO (normalized to the subcarrier
spacing) between the rth relay and the destination, the time-
domain received signal after CP removal can be expressed by

YIk]= o [k]D(e)H,x + ,[k]D(&,)H X + W[K] , (M

where ¢ [k]=exp(j27€, (L, + k(N + L))/ N) is the phase off-
set induced by the CFO of relay » in the kth OFDM block,
D(¢,) = Diag(l,exp(j27€, / N),...,exp(j27€, (N —1)/ N)) 1is the di-
agonal matrix that expresses the CFO of relay », H, is the circu-
lant NXN matrix with [hf,O,...,O]T as its first column,
h, =[hh0,...,th’__l]T is the TI CIR of relay r, whose length
L <L +1 includes the asynchronism delay, and w[k] is the ad-
ditive white Gaussian noise (AWGN) vector. In (1) we have as-
sumed that the pilot sequence x is the same for £=0,..,K -1,
where K is the number of OFDM blocks. Our aim is to estimate
the CFOs ¢, and &, and the TICIRs h, and h, .

3. CFO AND CIR ESTIMATION
3.1. TV-MISO CIR Estimation Using BEM

The first algorithm uses the BEM [11] to estimate a TV-MISO CIR
that includes both effects of CFOs and TI CIRs. We recast (1) as

ylk]=H[k]x +w[k], @

where H[k]= ¢ [k]D(g)H, + @,[k]D(g,)H, is the time-domain
matrix of the TV channel to be estimated. Indeed, by defining
(a),..ay as the nonnegative remainder of the integer division of a
by N, the element (n,(n—1),,,,) of H[k] is

]_]n,(ni/)“mV [k] — ¢l[k]ej2;rsm/ivh1,/ +o, [k]e’/Z”EZ"/NhZ,[ , (3)

which represents the /th tap (at time » ) of the aggregate TV-
MISO CIR in the & th OFDM block. Hence, an estimate of H[k]
implicitly contains both the effects of CFOs ¢, and &, and TI CIRs
h, and h, . Using the BEM, H[k] is modeled as [12], [13]

L-10-1

H[k]=> > ¢, [k]Diag(b )J, , “4)

where L =max{L,,L,} is the multipath channel order, QO is the
number of BEM basis functions, {c, [k]} are the unknown BEM
coefficients, b . is the ¢ th known basis function, and J, is the
NxN circulant cyclic-shift matrix, with ones on the /th lower
diagonal and zeros elsewhere. By defining the N x NLQ matrix

I' =[Diag(b,)J,-.., Diag(by)J, ..., Diag(b,_)J,,...,Diag(b, )J, ]

and c[k]= [covo[k],..‘,cL_l,O[k],...,COVQ_I[k],...,cL_l,Q_l[k]]T , it can be
shown that H[k]x=T(c[k]®I,)x=T(I,, ® x)c[k], where ®
denotes the Kronecker product, leading to
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ylk] = Pe[k]+w[k], ®)

where P=T(I,, ®x) is known. As a result, the unknown BEM
coefficients in c¢[k] can be estimated by linear minimum MSE
(LMMSE) methods or LS approaches, such as ¢[k]=P y[k],
where * denotes Moore-Penrose pseudo-inversion. The aggregate
TV channel matrix of block & can then be estimated by

H[k]=T(c[k]®I,). (6)
3.2. CFO Estimation Using BEM-Based ESPRIT
By (3), it is evident that the knowledge of H,, , [k] would

permit to estimate & and &, by classical frequency estimation
algorithms, such as MUSIC and ESPRIT [3]. Thus, we propose a
CFO estimation algorithm that applies ESPRIT on the TV CIR taps
estimated by the BEM in (6). By collecting N values into the
vector t,[k]=[H, , [k],...H [k]]", we obtain

N=L(N=1=D)noqn

t[k]=Ev,[], @)
1 1
ejZ/ré‘J /N ejZ/rsz /N
E= , ®)

ej27127,(N71)/N ejZIIEZ(AN'fl)/AN'

where v [k]=[g[klh, , (pz[k]hz’,]T. The structure of (8) allows
for the estimation of the CFOs &, and ¢, using ESPRIT. We de-
fine the downsampling factor D and, assuming that N /D is in-
teger, the N/ DxN matrix R=1,,, ®i,, where i, =[1,0,...,0]
is the first row of I, . To reduce the computational complexity, we
define the reduced vector z,[k], with size N /D, as

z,[k]=Rt[k]. ©)

This way, ESPRIT can be applied to the reduced equation (9)
rather than to (7). To simplify the notation, we denote the elements
of z[k1=[Hycp, , kLHp o, K Hy g opop,, [F in
9) as z,[k]= [zovl[k],zu[k],...,zN/Dfu[k]]T , and define the Hankel
matrix Z,[k] as

zy, k] z k]
z, [kl z, k]

Zyspar L]

ZN/D—MH,/[k]

Z,[k]= » (10)

Zy_lk] 2y L] Zypiilk]

where M is a design parameter, with 2<M <N /D . By con-

MXN/D-M+1

structing the Mx(N/D-M+1)LK matrix Z=[Z0],...,
Z, [0],...Z,[K -1],..,Z, ,[K —1]],, we obtain Z = A®S , where
1 1
e/2maDIN o/ 2mEDIN
A= . . , (11)
o/ M-DDIN 2, (M-1)DIN o
(’b = [(I)O.O""’q)L—l,O""’q)O,K—l""’(DL—I,K—I]ZXZLK H (12)
h1 ej27ff|(/-cp+"(N+Lcr))/N 0
(Dl,k = ! j27e, k(N+ )i 2 (13)
0 hz,lejz 2 (Lep +h(N+Lcp))/ N



S=1, ®S, (14)
5 1 e/2mDIN /27 (N/D=M)DIN
= 1 e/¥bIN /2 (N/D=M)DIN (15)

2XN/D-M+1

Because of (11), rank(Z)=2 when ¢ #¢,. Hence, we estimate
the CFOs using a version of ESPRIT based on the singular value
decomposition (SVD) [8]. By the SVD Z=UXV” | U has the
same column space of A . Then, we denote with U, and U, the
M —1x2 matrices obtained from U by deleting its last row and
its first row, respectively. From the eigenvalue decomposition
UU, = QAQ" , we obtain

A =Diag(4,4,), (16)

where A, %, for r=1,2. In practice, only the estimated
vector z,[k]= (Ho o, KL Hp oy, K es Hy b ovenony k11
is available, and the SVD is performed on the estimated matrix
Z =UXV" . Due to the BEM modeling error, and to the AWGN-
induced estimation errors, in general rank(Z)>2. Consequently,
the proposed algorithm constructs U, and U, using only the first
two columns of U . Then, the CFOs are estimated as

— /2 DIN

N ~
le(1),
S angle(d)

where /ir , for r=1,2, is an eigenvalue of ﬁ;ij .

é

»
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3.3. Estimation of TI-MISO CIR

To estimate the two TI CIRs associated with the two relay-destina-
tion links, we resort to a frequency-domain approach. For simplic-
ity, L, =L, =L 1is assumed in the following. From (1), we com-
pute y.[k]=Fy[k], where F is the NxN unitary FFT matrix,
and collect the observation data into y, =[y.[0],....y,[K-1]"] .
The frequency-domain vector y, can be expressed as

XF:ESJ,£2h+V_‘It" (18)
g, . =Y., ®1)G, . (NI,®Diagx,)F,), (19
¢ [0] ®,[0]
¥, = : : , (20)
p[K-1] @o[K-1]
FD(&, )F”
o (&) 0y s @
v 0N><N FD(‘C"Z)F

where x; =Fx, F, is the NxL matrix that contains the first L
columns of F, h=[h],h]]" is the TI-MISO CIR vector,
w, =[w.[0],...,w.[K —1]"]", and w.[k]=Fw[k].Hence, the TI-
MISO CIR can be estimated by LMMSE or LS approaches, like

h= (22)

I1]

.
6.6 F

3.4. CFO Estimation Using Observation-Based ESPRIT

For the estimation of CFOs ¢ and ¢,, and TI CIRs h, and h,,
we propose a second algorithm that exploits a TDKD pilot struc-
ture specially designed for TV channels [14], expressed by
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x=1y,,,0x,, (23)

where 1,,,,, is the all-ones column vector with size N/L (as-
sumed integer), and x, = [x,0,...,0]" has size L. Indeed, the
TDKD training is MSE-optimal for the estimation of TV multipath
channels [14]. Note that the destination node must know the
maximum length L of the TI-MISO CIR (including a possible
asynchronism), or alternatively should use L., instead of L.
Interestingly, the TDKD pilot sequence enables the estimation
of the CFOs by directly applying ESPRIT on the received signal:
indeed, the TDKD pilot directly produces repeated noisy estimates
of the TV-MISO CIR into the received vector y[k] in (1) [14]. By
defining y,[k] asthe n th element of y[k], we have
y"[k] = ¢1[k]ejz”gm/Nhl,(n)m“x + o, [k]eﬂﬂrzn”vh

2,(Mmod

x+w,[k], (24)

where the AWGN w,[k] is the n th element of w[k]. Note that
(24) has the same form of (3), apart for the pilot x and the AWGN
w,[k], and hence can represent the basis for CFO estimation using
ESPRIT. Assuming 2 < M < N /L, we define the Hankel matrix

ylk] Vrilk] y1+(N/L—M)L[k]
Y (k] = y,+€[k] Y/+2:L[k] yl+(N/L—;’\/I+l)L[k] . (25)
y1+(M—l)L[k] Vi lK] y1+(N/L—l)L[k] NN L1
where 0</<L-1, and the MX(N/L-M+1)LK matrix
Y =[Y,[0]..... Y, ,[0],... Y [K —1],...Y, ,[K —1]]. Similarly to

(25), we define W,[k] starting from the AWGN samples {w,[k]},
and W =[W,[0],.... W,_[0],...W,[K —1],... W, [K —1]] . It can
be shown that Y=Z+ W , where Z=A®S,

1 1
_ ej27r£,L/N ejanzL/N

A= , (26)

Jj2me (M=1)L/N Jj27mey (M=1)LIN

€ € Mx2

D= [(I)O.O""’(I)L—I,O’""(I)O,K—l""’(I)L—I,K—l]2><2L1< > (27

_ xh @/ ¥ e +Hk(N+Lep )IN 0

_ 1,1
(Dl,k - 0 xhz [ej27r£2(LC,,+[+k(N+LC,,))/N . (28)
S=1,, ®S, (29)
- 1 e/2mLlN o/ (N/L=M)LIN 20
- 1 ejZ/ré‘zL/N ejZﬂrz(N/L—M)L/N . ( )
2xN/L-M+1

Clearly, if g #¢,, rank(Z) =2. By the SVD Y= UZV”? | we
construct U and U, _as the M —1x2 matrices obtained from the
first two columns of U by deleting the last row and the first row,
respectively. Then, the two eigenvalues A, of U U, allow for the
estimation of the two CFOs as

ér

3D

Finally, the TI-MISO CIR can be reconstructed using the LS
approach expressed by (18)-(22) in Section 3.3.

N _
angle(4) .
L gle(4,)



3.5. Identifiability of CFO and TI-MISO CIR

In the absence of noise and BEM modeling errors, the BEM-based
ESPRIT of Section 3.2 performs the SVD of Z = A®S , where Z
contains the exact taps t,[k]. If g #¢,, (11) yields rank(Z)=2,
and therefore both CFOs are identifiable when | ¢, | < &,,,, for
r=1,2. From (17), we obtain &, =0.5N/D. The presence of
BEM modeling errors may reduce the estimation range: using com-
plex exponentials [11], the estimated f,[k] are projections onto
b, =[1, &7, ., &MV for [g| <(Q-1)/2, leading to
€ =0.5min{Q -1, N/ D}. On the other hand, if & =¢,, then
rank(Z)=1, and only a single CFO is identifiable, but this
estimation problem simplifies to single CFO estimation for a single
relay with equivalent TI CIR h, +h, . A similar analysis applies to
the observation-based ESPRIT of Section 3.4: both CFOs are iden-
tifiable when ¢ #¢&, and |&. | <&y, Where £, =05N/L,
while a single CFO is identifiable when ¢ =¢, and | €, | < &, -

The necessary and sufficient condition for the identifiability
of the TI-MISO CIR h in (18) is the full column rank condition
rank(&, , ) =2L . From (19), there are five necessary conditions
for full column rank: & #&,; |& | <€pw; KN22L; N>L;
rank(Diag(x,)F,) = L . Specifically, the last condition requires that
the frequency-domain pilot x, must have at least L nonzero
values. Together, the five conditions constitute a sufficient condi-
tion for the full column rank condition rank(E, . )=2L .

3.6. Computational Complexity of CFO Estimation

The main computational effort of ESPRIT-based algorithms lies in
the SVD. Since the proposed CFO estimation requires only R =2
singular vectors in U or U, the SVD computational complexity is
O(RM?) [15], which could be further reduced by exploiting the
Hankel property of (10) and (25) [15]. The BEM-based ESPRIT
requires also the TV-MISO CIR estimation of Section 3.1, whose
computational complexity is O(LON) per OFDM block.

4. PERFORMANCE COMPARISON

We compare by simulations the MSE for the proposed BEM-based
and observation-based ESPRIT algorithms. We assume OFDM
with N =128 and L., =4. We use a TDKD training for both
algorithms. We suppose that the two relay-destination links have
the same CIR length L =L, =L =4, the same power-delay pro-
file, and the same signal-to-noise ratio (SNR). The CFOs have
been randomly selected, with | &, | < 0.5, which coincides with
the CFO estimation range for subband orthogonal training designs
[4]. We assume an orthogonal polynomial BEM [13] with 0 =5,
which grants negligible BEM modeling error. For the BEM-based
ESPRIT, we use D =4, which gives the same CFO estimation
range and SVD complexity of the observation-based ESPRIT.
Fig. 1 illustrates the MSE of the TV-MISO CIR, defined as

K-1L-1

1 t 2
e 2 2 BRI . (32)

estimated by averaging over 100 random CFO couples and 100
random CIR couples. The SVD row size is M =16. In this
scenario, when the number of pilot blocks is K =1, the TV-MISO
CIRs estimated using ESPRIT outperform the TV-MISO CIR

MSE 1y viso cr =
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estimated by the BEM in (6). When K =5, the MSEs for the
ESPRIT-based algorithms increase: indeed, when K =1, the CFO
and CIR estimates are allowed to vary from block to block. For the
same scenario, Fig. 2 shows the MSE of the CFO, defined as

13 A
MSEro = D E{€, —¢, [} (33)
r=1

Note that other CFO definitions are possible: for instance, [5] re-
fers to v, =¢, / N, and hence our MSE values are N* times great-
er than [5]. When K =1, the MSE performance of the observa-
tion-based ESPRIT is above the upper bound »=1 obtained for
|€.—¢€.] =1 in (33). Indeed, when sporadically & =¢,, the
observation-based ESPRIT recognizes only one CFO value, and
the second estimate is practically random within the CFO range,
thus deteriorating the average MSE. To avoid this problem, a CFO
range constraint can be inserted: for instance, we can set € =0
whenever ESPRIT produces | €, | 20.5. This constraint also im-
proves the CFO MSE for the BEM-based ESPRIT.

Fig. 3 displays the MSE of the constrained CFO estimates
when the number of pilot blocks is K € {1,5}. The training size
increase is more beneficial for the observation-based rather than
for the BEM-based ESPRIT. Fig. 4 exhibits the constrained CFO
MSE of the observation-based ESPRIT, for K =1 and different
values of M : the MSE is minimized for M =0.75N /L.

5. CONCLUSIONS

This paper has presented and compared two ESPRIT algorithms
for the estimation of CFOs and CIRs in a two-relay DF-OFDM
system that employs a common training signal. Topics for further
research and improvements include a theoretical analysis of the
MSE, the investigation about the best basis functions for the BEM,
and refined ESPRIT algorithms, such as the unitary ESPRIT pro-
posed in [16], and the total LS approaches suggested in [8].
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