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ABSTRACT 

 
We consider a cooperative communication system where the 
destination node receives an orthogonal frequency-division 
multiplexing (OFDM) signal transmitted from two relay nodes. We 
propose and compare two pilot-aided algorithms for the estimation 
of the carrier frequency offsets (CFOs) and the channel impulse 
responses (CIRs) associated with the two relay-destination links. 
The first algorithm uses a basis expansion model (BEM) to 
estimate a time-varying (TV) multiple-input single-output (MISO) 
channel that incorporates both CFOs and CIRs effects. The CFOs 
are then extracted from the estimated TV-MISO channel by 
applying estimation of signal parameters via rotational invariance 
techniques (ESPRIT). The second algorithm exploits the structure 
of a specific pilot sequence and estimates the CFOs by directly 
applying ESPRIT on the observed signal. Simulation results show 
the effectiveness of the proposed algorithms. 
 

Index Terms—Carrier frequency offset (CFO), channel 
impulse response (CIR), cooperative communications, ESPRIT, 
OFDM, pilot-aided estimation, relay. 
 

1. INTRODUCTION 
 
Cooperative transmitting strategies for wireless networks equipped 
with relay nodes have recently attracted several research efforts 
[1], [2], and are expected to play an important role in 4G wireless 
systems. Relays grant wider coverage, reduced power consump-
tion, and potentially transmit diversity by exploiting distributed-
array approaches [2]. The simplest relaying strategy consists in 
amplify-and-forward where the signal is just amplified and retrans-
mitted to the destination. Alternatively, decode-and-forward (DF) 
relays completely regenerate the signal towards the destination, 
perhaps introducing a (different) carrier frequency offset (CFO) for 
each relay. Thus, in fixed and nomadic DF-relay networks, the 
destination node receives several replicas of the transmitted signal, 
each one impaired by a different multipath fading channel and 
CFO. A similar situation occurs in single-frequency broadcasting 
networks with multiple transmitters in the same area. 

Orthogonal frequency-division multiplexing (OFDM) is a 
common choice to deal with the frequency selectivity induced by 
multipath; however, (multiple) CFO destroys the subcarrier ortho-
gonality of OFDM, introducing intercarrier interference, which se-
verely degrades the performance. While a single CFO can be fairly 
estimated and compensated at the receiver side, multiple CFOs in 
multiple fading channels request both sophisticated estimation and 
compensation techniques [3], [4], [5]. 

When coordination among nodes is possible, as in the uplink 
of orthogonal frequency-division multiple-access (OFDMA) sys-

tems, the destination node (e.g., a base station) may be interested in 
estimating all the CFOs, in order to feed them back to each user 
and enable CFO precompensation [3]. This way, the destination 
node has only to compensate for the time-invariant (TI) multiple-
input single-output (MISO) channel impulse response (CIR) that 
conveys the data. But in uncoordinated scenarios, where the differ-
ent CFOs are not precompensated, the CFOs convert the TI-MISO 
CIR into a time-varying (TV) MISO CIR, which requests complex 
TV equalization schemes. In this context, rather than estimating the 
different CFOs and the TI-MISO CIR, a possible approach is to 
estimate the overall TV-MISO CIR, especially if the equalizer at 
the destination node employs the TV-MISO CIR. 

Since estimation of CFOs is a classical multiple frequency es-
timation problem, several approaches are available in the literature, 
based either on maximum likelihood (ML) methods [6], or on mul-
tiple signal classification (MUSIC) [5], [7], or on estimation of 
signal parameters via rotational invariance techniques (ESPRIT) 
[8], [9], [10]. These methods can also be exploited for the estima-
tion of the TI-MISO CIR, separately or jointly with the CFOs. Al-
ternatively, the estimation of the TV-MISO CIR, which does not 
explicitly provides the CFOs and the TI-MISO CIR, can rely on a 
basis expansion model (BEM) [11], as investigated in [12], [13]. 

This paper focuses on a two-relay DF-OFDM system, where a 
training (pilot) sequence is dedicated to CFOs and MISO CIR esti-
mation. The system under consideration does not exploit ortho-
gonal (subband-based) training among the relays [3], [4], which 
would simplify the estimation problem but would also request 
higher network coordination. Actually, the two relays exploit the 
same training, which is simply received by the source node. Addi-
tionally, it is assumed coarse time synchronization, because of the 
OFDM cyclic prefix (CP). In this framework, to avoid the com-
plexity of an ML estimate [3], [6], this paper proposes two 
ESPRIT-based algorithms for separate estimation of CFOs and TI-
MISO CIR. The first algorithm suggests a BEM estimation of the 
TV-MISO CIR, and applies ESPRIT on the estimated TV-MISO 
CIR to extract the CFOs. The second algorithm takes advantage of 
a time-domain Kronecker-delta (TDKD) training, which is mean-
squared error (MSE) optimal [14], enabling a direct application of 
ESPRIT on the observed data. In both algorithms, the TI-MISO 
CIR is reconstructed using a least-squares (LS) approach. The per-
formance of the two algorithms, expressed in terms of MSE for 
both CFO and TV-MISO CIR estimates, is compared by means of 
simulations, which highlight the effectiveness of the proposed 
algorithms, as well as the effects of different system parameters. 
 

2. TWO-RELAY SYSTEM MODEL 
 
Let us consider an OFDM-based cooperative communication with 
a source node, two relay nodes, and a destination node. In the 
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broadcasting phase, the source node sends a pilot sequence to two 
relays. In the relaying phase, the relays forward the pilot sequence 
to the destination node. We assume that there are no errors on the 
broadcasting phase, and we focus on the relaying phase. 

We assume OFDM with N  subcarriers and CP length CPL . 
Let us denote with x  the time-domain pilot sequence of size N  
transmitted by the source node. Therefore, the 2R =  relays 
forward the same pilot sequence x  to the destination. We assume 
that the asynchronism delay between the two relays, which is neg-
ligible with respect to the CP duration, can be incorporated into the 
CIRs. By denoting with rε  the CFO (normalized to the subcarrier 
spacing) between the r th relay and the destination, the time-
domain received signal after CP removal can be expressed by 

 1 1 1 2 2 2[ ] [ ] ( ) [ ] ( ) [ ]k k k kϕ ε ϕ ε= + +y D H x D H x w , (1) 

where CP CP[ ] exp( 2 ( ( )) / )r rk j L k N L Nϕ πε= + +  is the phase off-
set induced by the CFO of relay r  in the k th OFDM block, 

( ) Diag(1,exp( 2 / ),...,exp( 2 ( 1) / ))r r rj N j N Nε πε πε= −D  is the di-
agonal matrix that expresses the CFO of relay r , rH  is the circu-
lant N N×  matrix with [ ,0,...,0]T T

rh  as its first column, 
,0 , 1[ ,..., ]

r

T
r r r Lh h −=h  is the TI CIR of relay r , whose length 

CP 1rL L≤ +  includes the asynchronism delay, and [ ]kw  is the ad-
ditive white Gaussian noise (AWGN) vector. In (1) we have as-
sumed that the pilot sequence x  is the same for 0,..., 1k K= − , 
where K  is the number of OFDM blocks. Our aim is to estimate 
the CFOs 1ε  and 2ε  and the TI CIRs 1h  and 2h . 
 

3. CFO AND CIR ESTIMATION 
 
3.1. TV-MISO CIR Estimation Using BEM 
 
The first algorithm uses the BEM [11] to estimate a TV-MISO CIR 
that includes both effects of CFOs and TI CIRs. We recast (1) as 

 [ ] [ ] [ ]k k k= +y H x w , (2) 

where 1 1 1 2 2 2[ ] [ ] ( ) [ ] ( )k k kϕ ε ϕ ε= +H D H D H  is the time-domain 
matrix of the TV channel to be estimated. Indeed, by defining 

mod( ) Na  as the nonnegative remainder of the integer division of a  
by N , the element mod( ,( ) )Nn n l−  of [ ]kH  is 

 1 2

mod

2 / 2 /
,( ) 1 1, 2 2,[ ] [ ] [ ]

N

j n N j n N
n n l l lH k k e h k e hπε πεϕ ϕ− = + , (3) 

which represents the l th tap (at time n ) of the aggregate TV-
MISO CIR in the k th OFDM block. Hence, an estimate of [ ]kH  
implicitly contains both the effects of CFOs 1ε  and 2ε and TI CIRs 

1h  and 2h . Using the BEM, [ ]kH  is modeled as [12], [13] 

 
11

,
0 0

[ ] [ ]Diag( )
QL

l q q l
l q

k c k
−−

= =

=��H b J , (4) 

where 1 2max{ , }L L L=  is the multipath channel order, Q  is the 
number of BEM basis functions, ,{ [ ]}l qc k  are the unknown BEM 
coefficients, qb  is the q th known basis function, and lJ  is the 
N N×  circulant cyclic-shift matrix, with ones on the l th lower 

diagonal and zeros elsewhere. By defining the N NLQ×  matrix 

0 0 0 1 1 0 1 1[Diag( ) ,...,Diag( ) ,...,Diag( ) ,...,Diag( ) ]L Q Q L− − − −=� b J b J b J b J  

and 0,0 1,0 0, 1 1, 1[ ] [ [ ],..., [ ],..., [ ],..., [ ]]T
L Q L Qk c k c k c k c k− − − −=c , it can be 

shown that [ ] ( [ ] ) ( ) [ ]N LQk k k= ⊗ = ⊗H x � c I x � I x c , where ⊗  
denotes the Kronecker product, leading to 

 [ ] [ ] [ ]k k k= +y Pc w , (5) 

where ( )LQ= ⊗P � I x  is known. As a result, the unknown BEM 
coefficients in [ ]kc  can be estimated by linear minimum MSE 
(LMMSE) methods or LS approaches, such as ˆ[ ] [ ]k k+=c P y , 
where +  denotes Moore-Penrose pseudo-inversion. The aggregate 
TV channel matrix of block k  can then be estimated by 

 ˆ ˆ[ ] ( [ ] )Nk k= ⊗H � c I . (6) 

 
3.2. CFO Estimation Using BEM-Based ESPRIT 
 
By (3), it is evident that the knowledge of 

mod,( ) [ ]
Nn n lH k−  would 

permit to estimate 1ε  and 2ε  by classical frequency estimation 
algorithms, such as MUSIC and ESPRIT [3]. Thus, we propose a 
CFO estimation algorithm that applies ESPRIT on the TV CIR taps 
estimated by the BEM in (6). By collecting N  values into the 
vector 

mod mod0,( ) 1,( 1 )[ ] [ [ ],..., [ ]]
N N

T
l l N N lk H k H k− − − −=t , we obtain 

 [ ] [ ]l lk k=t Ev , (7) 

 
1 2

1 2

2 / 2 /

2 ( 1) / 2 ( 1) /

1 1
j N j N

j N N j N N

e e

e e

πε πε

πε πε− −

� �
� �
� �=
� �
� �
� �� �

E
� �

, (8) 

where 1 1, 2 2,[ ] [ [ ]  ,  [ ] ]T
l l lk k h k hϕ ϕ=v . The structure of (8) allows 

for the estimation of the CFOs 1ε  and 2ε  using ESPRIT. We de-
fine the downsampling factor D  and, assuming that /N D  is in-
teger, the /N D N×  matrix /N D D= ⊗R I i , where [1,0,...,0]D =i  
is the first row of DI . To reduce the computational complexity, we 
define the reduced vector [ ]l kz , with size /N D , as 

 [ ] [ ]l lk k=z Rt . (9) 

This way, ESPRIT can be applied to the reduced equation (9) 
rather than to (7). To simplify the notation, we denote the elements 
of 

mod mod mod0,( ) ,( ) ,( )[ ] [ [ ], [ ],..., [ ]]
N N N

T
l l D D l N D N D lk H k H k H k− − − − −=z  in 

(9) as 0, 1, / 1,[ ] [ [ ], [ ],..., [ ]]T
l l l N D lk z k z k z k−=z , and define the Hankel 

matrix [ ]l kZ  as 

 

0, 1, / ,

1, 2, / 1,

1, , / 1, / 1

[ ] [ ] [ ]
[ ] [ ] [ ]

[ ]

[ ] [ ] [ ]

l l N D M l

l l N D M l
l

M l M l N D l M N D M

z k z k z k
z k z k z k

k

z k z k z k

−

− +

− − × − +

� �
� �
� �= � �
� �
� �� �

Z

�
�

� � �
�

, (10) 

where M  is a design parameter, with 2 /M N D< < . By con-
structing the ( / 1)M N D M LK× − +  matrix 0[ [0],...,=Z �  

1 0 1[0],..., [ 1],..., [ 1]]L LK K− −− −Z Z Z , we obtain =Z A�S , where 

 
1 2

1 2

2 / 2 /

2 ( 1) / 2 ( 1) /
2

1 1
j D N j D N

j M D N j M D N
M

e e

e e

πε πε

πε πε− −
×

� �
� �
� �=
� �
� �
� �� �

A
� �

, (11) 

 0,0 1,0 0, 1 1, 1 2 2[ ,..., ,..., ,..., ]L K L K LK− − − − ×=� � � � � , (12) 

 
1 CP CP

2 CP CP

2 ( ( )) /
1,

, 2 ( ( )) /
2,

0
0

j L k N L N
l

l k j L k N L N
l

h e
h e

πε

πε

+ +

+ +

� �
= � �
� �� �

� , (13) 
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 LK= ⊗S I S� , (14) 

 
1 1

2 2

2 / 2 ( / ) /

2 / 2 ( / ) /
2 / 1

1
1

j D N j N D M D N

j D N j N D M D N
N D M

e e
e e

πε πε

πε πε

−

−
× − +

� �
= � �
� �

S
��
�

. (15) 

Because of (11), rank( ) 2=Z  when 1 2ε ε≠ . Hence, we estimate 
the CFOs using a version of ESPRIT based on the singular value 
decomposition (SVD) [8]. By the SVD H=Z U�V , U  has the 
same column space of A . Then, we denote with xU  and yU  the 

1 2M − ×  matrices obtained from U  by deleting its last row and 
its first row, respectively. From the eigenvalue decomposition 

x y
H+ =U U Q�Q , we obtain 

 ( )1 2Diag ,λ λ=� , (16) 

where 2 /rj D N
r e πελ = , for 1,2r = . In practice, only the estimated 

vector 
mod mod mod0,( ) ,( ) ,( )

ˆ ˆ ˆˆ [ ] [ [ ], [ ],..., [ ]]
N N N

T
l l D D l N D N D lk H k H k H k− − − − −=z  

is available, and the SVD is performed on the estimated matrix 
ˆ ˆ ˆ ˆ H=Z U�V . Due to the BEM modeling error, and to the AWGN-

induced estimation errors, in general ˆrank( ) 2>Z . Consequently, 
the proposed algorithm constructs xÛ  and yÛ  using only the first 
two columns of Û . Then, the CFOs are estimated as 

 ˆˆ angle( )
2r r

N
D

ε λ
π

= , (17) 

where r̂λ , for 1,2r = , is an eigenvalue of x y
ˆ ˆ+U U . 

 
3.3. Estimation of TI-MISO CIR 
 
To estimate the two TI CIRs associated with the two relay-destina-
tion links, we resort to a frequency-domain approach. For simplic-
ity, 1 2L L L= =  is assumed in the following. From (1), we com-
pute F[ ] [ ]k k=y Fy , where F  is the N N×  unitary FFT matrix, 
and collect the observation data into F F F[ [0] ,..., [ 1] ]T T TK= −y y y . 
The frequency-domain vector Fy  can be expressed as 
 

1 2F , Fε ε= +y � h w , (18) 

 
1 2 1 2 1 2, , , 2 F( ) ( Diag( ) )N LNε ε ε ε ε ε= ⊗ ⊗� � I G I x F , (19) 

 
1 2

1 2

,

1 2

[0] [0]

[ 1] [ 1]K K
ε ε

ϕ ϕ

ϕ ϕ

� �
� �= � �
� �− −� �

� � � , (20) 

 
1 2

1
,

2

( )
( )

H
N N

H
N N

ε ε
ε

ε
×

×

� �
= � �
� �

FD F 0
G

0 FD F
, (21) 

where F =x Fx , LF  is the N L×  matrix that contains the first L  
columns of F , 1 2[ , ]T T T=h h h  is the TI-MISO CIR vector, 

F F F[ [0] ,..., [ 1] ]T T TK= −w w w , and F[ ] [ ]k k=w Fw . Hence, the TI-
MISO CIR can be estimated by LMMSE or LS approaches, like 

 
1 2ˆ ˆ F,

ˆ
ε ε
+=h � y . (22) 

 
3.4. CFO Estimation Using Observation-Based ESPRIT 
 
For the estimation of CFOs 1ε  and 2ε , and TI CIRs 1h  and 2h , 
we propose a second algorithm that exploits a TDKD pilot struc-
ture specially designed for TV channels [14], expressed by 

 / 1N L L×= ⊗x 1 x , (23) 

where / 1N L×1  is the all-ones column vector with size /N L  (as-
sumed integer), and [ ,0,...,0]T

L x=x  has size L . Indeed, the 
TDKD training is MSE-optimal for the estimation of TV multipath 
channels [14]. Note that the destination node must know the 
maximum length L  of the TI-MISO CIR (including a possible 
asynchronism), or alternatively should use CPL  instead of L . 

Interestingly, the TDKD pilot sequence enables the estimation 
of the CFOs by directly applying ESPRIT on the received signal: 
indeed, the TDKD pilot directly produces repeated noisy estimates 
of the TV-MISO CIR into the received vector [ ]ky  in (1) [14]. By 
defining [ ]ny k  as the n th element of [ ]ky , we have 

1 2

mod mod

2 / 2 /
1 1,( ) 2 2,( )[ ] [ ] [ ] [ ]

L L

j n N j n N
n n n ny k k e h x k e h x w kπε πεϕ ϕ= + + , (24) 

where the AWGN [ ]nw k  is the n th element of [ ]kw . Note that 
(24) has the same form of (3), apart for the pilot x  and the AWGN 

[ ]nw k , and hence can represent the basis for CFO estimation using 
ESPRIT. Assuming 2 /M N L< < , we define the Hankel matrix 

( / )

2 ( / 1)

( 1) ( / 1) / 1

[ ] [ ] [ ]
[ ] [ ] [ ]

[ ]

[ ] [ ] [ ]

l l L l N L M L

l L l L l N L M L
l

l M L l ML l N L L M N L M

y k y k y k
y k y k y k

k

y k y k y k

+ + −

+ + + − +

+ − + + − × − +

� �
� �
� �= � �
� �
� �� �

Y

�
�

� � �
�

, (25) 

where 0 1l L≤ ≤ − , and the ( / 1)M N L M LK× − +  matrix 
0 1 0 1[ [0],..., [0],..., [ 1],..., [ 1]]L LK K− −= − −Y Y Y Y Y . Similarly to 

(25), we define [ ]l kW  starting from the AWGN samples { [ ]}nw k , 
and 0 1 0 1[ [0],..., [0],..., [ 1],..., [ 1]]L LK K− −= − −W W W W W . It can 
be shown that = +Y Z W , where =Z A�S , 

 
1 2

1 2

2 / 2 /

2 ( 1) / 2 ( 1) /
2

1 1
j L N j L N

j M L N j M L N
M

e e

e e

πε πε

πε πε− −
×

� �
� �
� �=
� �
� �
� �� �

A
� �

, (26) 

 0,0 1,0 0, 1 1, 1 2 2[ ,..., ,..., ,..., ]L K L K LK− − − − ×=� � � � � , (27) 

  
1 CP CP

2 CP CP

2 ( ( )) /
1,

, 2 ( ( )) /
2,

0
0

j L l k N L N
l

l k j L l k N L N
l

xh e
xh e

πε

πε

+ + +

+ + +

� �
= � �
� �� �

� , (28) 

 LK= ⊗S I S� , (29) 

 
1 1

2 2

2 / 2 ( / ) /

2 / 2 ( / ) /
2 / 1

1
1

j L N j N L M L N

j L N j N L M L N
N L M

e e
e e

πε πε

πε πε

−

−
× − +

� �
= � �
� �

S
��
�

. (30) 

Clearly, if 1 2ε ε≠ , rank( ) 2=Z . By the SVD H=Y U�V , we 
construct xU  and yU  as the 1 2M − ×  matrices obtained from the 
first two columns of U  by deleting the last row and the first row, 
respectively. Then, the two eigenvalues rλ  of x y

+U U  allow for the 
estimation of the two CFOs as 

 ˆ angle( )
2r r
N

L
ε λ

π
= . (31) 

Finally, the TI-MISO CIR can be reconstructed using the LS 
approach expressed by (18)-(22) in Section 3.3. 
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3.5. Identifiability of CFO and TI-MISO CIR 
 
In the absence of noise and BEM modeling errors, the BEM-based 
ESPRIT of Section 3.2 performs the SVD of =Z A�S , where Z  
contains the exact taps [ ]l kt . If 1 2ε ε≠ , (11) yields rank( ) 2=Z , 
and therefore both CFOs are identifiable when  max| |rε ε< , for 

1,2r = . From (17), we obtain max 0.5 /N Dε = . The presence of 
BEM modeling errors may reduce the estimation range: using com-
plex exponentials [11], the estimated ˆ [ ]l kt  are projections onto 

2 / 2 ( 1) /[1,  , ..., ]j q N j q N N T
q e eπ π −=b , for  | | ( 1) / 2q Q≤ − , leading to 

 max 0.5 min{ 1,  / }Q N Dε = − . On the other hand, if 1 2ε ε= , then 
rank( ) 1=Z , and only a single CFO is identifiable, but this 
estimation problem simplifies to single CFO estimation for a single 
relay with equivalent TI CIR 1 2+h h . A similar analysis applies to 
the observation-based ESPRIT of Section 3.4: both CFOs are iden-
tifiable when 1 2ε ε≠  and  max| |rε ε< , where max 0.5 /N Lε = , 
while a single CFO is identifiable when 1 2ε ε=  and  max| |rε ε< . 

The necessary and sufficient condition for the identifiability 
of the TI-MISO CIR h  in (18) is the full column rank condition 

1 2,rank( ) 2Lε ε =� . From (19), there are five necessary conditions 
for full column rank: 1 2ε ε≠ ;  max| |rε ε< ; 2KN L≥ ; N L≥ ; 

Frank(Diag( ) )L L=x F . Specifically, the last condition requires that 
the frequency-domain pilot Fx  must have at least L  nonzero 
values. Together, the five conditions constitute a sufficient condi-
tion for the full column rank condition 

1 2,rank( ) 2Lε ε =� . 
 
3.6. Computational Complexity of CFO Estimation 
 
The main computational effort of ESPRIT-based algorithms lies in 
the SVD. Since the proposed CFO estimation requires only 2R =  
singular vectors in U  or U , the SVD computational complexity is 

2( )O RM  [15], which could be further reduced by exploiting the 
Hankel property of (10) and (25) [15]. The BEM-based ESPRIT 
requires also the TV-MISO CIR estimation of Section 3.1, whose 
computational complexity is ( )O LQN  per OFDM block. 
 

4. PERFORMANCE COMPARISON 
 
We compare by simulations the MSE for the proposed BEM-based 
and observation-based ESPRIT algorithms. We assume OFDM 
with 128N =  and CP 4L = . We use a TDKD training for both 
algorithms. We suppose that the two relay-destination links have 
the same CIR length 1 2 4L L L= = = , the same power-delay pro-
file, and the same signal-to-noise ratio (SNR). The CFOs have 
been randomly selected, with  | | 0.5rε < , which coincides with 
the CFO estimation range for subband orthogonal training designs 
[4]. We assume an orthogonal polynomial BEM [13] with 5Q = , 
which grants negligible BEM modeling error. For the BEM-based 
ESPRIT, we use 4D = , which gives the same CFO estimation 
range and SVD complexity of the observation-based ESPRIT. 

Fig. 1 illustrates the MSE of the TV-MISO CIR, defined as 

 
1 1

2
TV-MISO CIR

0 0

1 ˆMSE {|| [ ] [ ] || }
K L

l l
k l

E k k
NK

− −

= =

= −�� t t , (32) 

estimated by averaging over 100 random CFO couples and 100 
random CIR couples. The SVD row size is 16M = . In this 
scenario, when the number of pilot blocks is 1K = , the TV-MISO 
CIRs estimated using ESPRIT outperform the TV-MISO CIR 

estimated by the BEM in (6). When 5K = , the MSEs for the 
ESPRIT-based algorithms increase: indeed, when 1K = , the CFO 
and CIR estimates are allowed to vary from block to block. For the 
same scenario, Fig. 2 shows the MSE of the CFO, defined as 

 
2

2
CFO

1

1 ˆMSE {| | }
2 r r

r
E ε ε

=

= −� . (33) 

Note that other CFO definitions are possible: for instance, [5] re-
fers to /r r Nν ε= , and hence our MSE values are 2N  times great-
er than [5]. When 1K = , the MSE performance of the observa-
tion-based ESPRIT is above the upper bound 1b =  obtained for 

 ˆ| | 1r rε ε− =  in (33). Indeed, when sporadically 1 2ε ε≈ , the 
observation-based ESPRIT recognizes only one CFO value, and 
the second estimate is practically random within the CFO range, 
thus deteriorating the average MSE. To avoid this problem, a CFO 
range constraint can be inserted: for instance, we can set ˆ 0rε =  
whenever ESPRIT produces  ˆ| | 0.5rε ≥ . This constraint also im-
proves the CFO MSE for the BEM-based ESPRIT. 

Fig. 3 displays the MSE of the constrained CFO estimates 
when the number of pilot blocks is {1,5}K ∈ . The training size 
increase is more beneficial for the observation-based rather than 
for the BEM-based ESPRIT. Fig. 4 exhibits the constrained CFO 
MSE of the observation-based ESPRIT, for 1K =  and different 
values of M : the MSE is minimized for 0.75 /M N L≈ . 
 

5. CONCLUSIONS 
 
This paper has presented and compared two ESPRIT algorithms 
for the estimation of CFOs and CIRs in a two-relay DF-OFDM 
system that employs a common training signal. Topics for further 
research and improvements include a theoretical analysis of the 
MSE, the investigation about the best basis functions for the BEM, 
and refined ESPRIT algorithms, such as the unitary ESPRIT pro-
posed in [16], and the total LS approaches suggested in [8]. 
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Fig. 1. MSE of the TV-MISO CIR ( 16M = ). 
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Fig. 3. MSE of the CFO ( 16M = ). 
 
 

10 15 20 25 30
10

-3

10
-2

10
-1

SNR (dB)

M
SE

 o
f t

he
 C

FO

 

 

M=8
M=12
M=16
M=24
M=32

 
Fig. 4. MSE of the CFO (Observation-based ESPRIT, 1K = ). 
 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 

7. REFERENCES 
 

[1] A. Sendonaris, E. Erkip, and B. Aazhang, “User cooperation 
diversity–Part I: System description,” IEEE Trans. Commun., vol. 51, 
no. 11, pp. 1927-1938, Nov. 2003. 
[2] J. N. Laneman and G. W. Wornell, “Distributed space-time-coded 
protocols for exploiting cooperative diversity in wireless networks,” 
IEEE Trans. Info. Theory, vol. 49, no. 10, pp. 2415-2425, Oct. 2003. 
[3] M. Morelli, C.-C. J. Kuo, and M.-O. Pun, “Synchronization 
techniques for orthogonal frequency division multiple access 
(OFDMA): A tutorial review,” Proc. IEEE, vol. 95, no. 7, pp. 1394-
1427, July 2007. 
[4] Q. Huang, M. Ghogho, J. Wei, and P. Ciblat, “Practical timing and 
frequency synchronization for OFDM-based cooperative systems,” 
IEEE Trans. Signal Process., vol. 58, no. 7, pp. 3706-3716, July 2010. 
[5] H. Mehrpouyan and S. D. Blostein, “Bounds and algorithms for 
multiple frequency offset estimation in cooperative networks,” IEEE 
Trans. Wireless Commun., vol. 10, no. 4, pp. 1300-1311, Apr. 2011. 
[6] P. Stoica, R. L. Moses, B. Friedlander, and T. Söderström, 
“Maximum likelihood estimation of the parameters of multiple 
sinusoids from noisy measurements,” IEEE Trans. Acoust., Speech, 
Signal Process., vol. 37, no. 3, pp. 378-392, Mar. 1989. 
[7] Z. Cao, U. Tureli, and Y.-D. Yao, “Deterministic multiuser carrier-
frequency offset estimation for interleaved OFDMA uplink,” IEEE 
Trans. Commun., vol. 52, no. 9, pp. 1585-1594, Sep. 2004. 
[8] R. Roy and T. Kailath, “ESPRIT–Estimation of signal parameters 
via rotational invariance techniques,” IEEE Trans. Acoust., Speech, 
Signal Process., vol. 37, no. 7, pp. 984-995, July 1989. 
[9] U. Tureli, H. Liu, and M. D. Zoltowski, “OFDM blind carrier offset 
estimation: ESPRIT,” IEEE Trans. Commun., vol. 48, no. 9, pp. 1459-
1461, Sep. 2000. 
[10] J. Lee, S. Lee, K.-J. Bang, S. Cha, and D. Hong, “Carrier 
frequency offset estimation using ESPRIT for interleaved OFDMA 
uplink systems,” IEEE Trans. Veh. Technol., vol. 56, no. 5, pp. 3227-
3231, Sep. 2007. 
[11] G. B. Giannakis and C. Tepedelenlio�lu, “Basis expansion models 
and diversity techniques for blind identification and equalization of 
time-varying channels,” Proc. IEEE, vol. 86, no. 10, pp. 1969-1986, 
Oct. 1998. 
[12] Z. Tang, R. C. Cannizzaro, G. Leus, and P. Banelli, “Pilot-assisted 
time-varying channel estimation for OFDM systems,” IEEE Trans. 
Signal Process., vol. 55, no. 5, pp. 2226-2238, May 2007. 
[13] F. Hlawatsch and G. Matz, Wireless Communications Over 
Rapidly Time-Varying Channels, Academic Press, Mar. 2011. 
[14] X. Ma, G. B. Giannakis, and S. Ohno, “Optimal training for block 
transmissions over doubly-selective fading channels,” IEEE Trans. 
Signal Process., vol. 51, no. 5, pp. 1351-1366, May 2003. 
[15] P. Comon and G. H. Golub, “Tracking a few extreme singular 
values and vectors in signal processing,” Proc. IEEE, vol. 78, no. 8, 
pp. 1327-1343, Aug 1990. 
[16] M. Haardt and J. A. Nossek, “Unitary ESPRIT: How to obtain 
increased estimation accuracy with a reduced computational burden,” 
IEEE Trans. Signal Process., vol. 43, no. 5, pp. 1232-1242, May 1995. 

554



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 1
  /Optimize false
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /SABAEN44
    /SAKURAalp
    /Shruti
    /SimSun
    /STSong
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Required"  settings for PDF Specification 4.01)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


