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Abstract—Impulsive noise typically represents a man-made
disturbance that, although it may impair any electrical device, is
often neglected in the performance analysis of wireless communi-
cation systems. This paper exploits some recent results on Baye-
sian estimators of Gaussian sources impaired by Middleton
Class-A noise, in order to investigate the usefulness of such esti-
mators for orthogonal frequency-division multiplexing (OFDM)-
based wireless communications. Specifically, this paper extends
the use of minimum mean-squared error (MMSE) and maximum
signal-to-noise-ratio (SNR) estimators to OFDM systems in fre-
quency-selective fading channels, and compares the associated
gain in symbol-error rate (SER) performance.

Keywords—Blanker, Class-A noise, impulsive noise, MMSE es-
timation, soft limiter.

1. INTRODUCTION

Impulsive noise is a quite common source of disturbance to
telecommunication systems, typically generated by electrical
engines, appliances, and switches, which may randomly impair
both wireless and wired communications. Basically, impulsive
noise is an interference that randomly adds up to the underly-
ing Gaussian thermal noise. A simple way to model the ran-
dom presence and absence of this interference makes use of a
Bernoulli-Gaussian model, i.e., a two-state conditional proba-
bility density function (pdf) of the overall noise, represented by
the mixture of two Gaussian functions [1]-[3]. The Middle-
ton’s Class-A noise is a more general and largely accepted ca-
nonical model, which captures the statistical behavior of a wid-
er class of impulsive interference, by resorting to a mixture of
virtually infinite Gaussian functions, with Poisson distributed
weights [4]-[9].

The widespread use of orthogonal frequency-division mul-
tiplexing (OFDM) techniques in digital communications has
spurred some investigation on the effects of impulsive interfe-
rences modeled as a Class-A noise, and on its countermeasures,
both in wired [10]-[14] and wireless [3]-[5], [15]-17]
OFDM-based systems. Among the receiver techniques specifi-
cally tailored to face such interference, it is possible to distin-
guish between two categories: simple instantaneous devices,
which try to limit the effect of impulsive interference on a
sample-by-sample basis [3]-[6], [10], [11], and more complex
methods, generally iterative and data-aided, which try to recon-
struct and jointly subtract the impulsive noise to the entire
OFDM block [13]-[18]. This paper belongs to the first catego-
ry of possible receivers, which are worth to be investigated
alone, as well as a first stage of the more complex iterative

978-1-4799-1931-4/15/$31.00 ©2015 |[EEE 346

receivers. In this framework, for wireless OFDM system im-
paired by RF impulsive noise, [3]-[5] proposed sample-based
receivers, which may simply clip, null, or both clip and null,
the envelope of the complex baseband received signal, when it
overpasses some given thresholds. Similar receivers have been
analyzed also in [10], [11], [19], and [20]. All the thresholds
and parameters of these simple receivers are typically opti-
mized to maximize their output signal-to-noise ratio (SNR).

Recently, [6] proposed instantaneous receivers for a real
Gaussian source impaired by a real Class-A baseband impul-
sive noise, which may model OFDM-based wired communica-
tions, such as ADSL and power-line communications. Fur-
thermore [6], by proposing to consider the mean-squared error
(MSE) at the receiver output, not only optimized in a minimum
MSE (MMSE) sense the thresholds of the clipping and blank-
ing nonlinearities, but also derived the global MMSE sample-
based receiver. The MMSE criterion is not equivalent to the
maximum-SNR (MSNR) criterion in non-Gaussian noise envi-
ronments [21], and it is actually slightly suboptimal from the
error probability viewpoint. However, since the global MSNR
receiver is not known, the global MMSE receiver may outper-
form, in terms of SNR, some suboptimal receivers (e.g., clip-
pers and blankers) whose thresholds and parameters have been
optimized in an MSNR sense.

This paper provides the following contributions. First, we
propose to apply the MMSE estimators derived in [6] to the
real and imaginary part of the complex baseband signal of a
wireless OFDM system, which we call Cartesian receivers, in
contrast to the polar receivers in [3]-[5], [10], [11]. Second, we
extend to complex signals the real MMSE estimator in [6],
which turns out to be a polar receiver. Third, we propose to
adapt, before equalization, the nonlinear receivers to the
change of the frequency-selective fading channel that typically
affects OFDM wireless transmissions. This is different from
[3], which first equalizes the channel and successively con-
trasts the impulsive noise by a nonlinear device, and from [2],
[4], [5], and [20], which consider a nonrealistic frequency-flat
channel. Fourth, we compare by simulations the symbol error
rate (SER) performance of several receivers in frequency-
selective fading channels. Besides, we propose a semi-
analytical SER theoretical analysis, which turns out to be quite
accurate.
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Fig. 1. System model.
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II. SYSTEM MODEL

A. Transmitter

We consider the OFDM system of Fig. 1, with N subcar-
riers and cyclic prefix (CP) of length L . We denote the generic
OFDM data block by s =[s[0],...,s[N —1]]" , where s[n] is the
M-QAM (or M-PSK) symbol transmitted in the » th subcarrier,
and N is the number of subcarriers. We assume that the sym-
bols {s[n]} are independent and have zero mean, with variance
ol =E{|s[n][’} . After IFFT of size N, a CP of size L is
appended, where L is the maximum channel order. The
transmitted signal can be expressed by [22]

x=T,F"s, 1

where F is the N -size unitary DFT matrix, T, =[J" I,]" is
the PxN CP insertion matrix, where P=N+L , and J con-
tains the last L rows of I .

B. Channel Model

The frequency-selective multipath channel is modeled as a
linear time-invariant FIR filter, by h =[h[0],...,A[L]]" , where
A[!] is the [ th discrete-time path of the channel. We assume
that the paths {/[/]} are independent and have zero mean, with
variance o} = E{|h[I]['} . We define o, =/ [l]| , the
PxP Toeplitz time-domain channel matrix H, = Toep,(h),
with first column expressed by [A[0],...,A[L],0,...,0]" , the
NXN circulant time-domain channel matrix H=R_H, T, ,
where R, =[0,,, I, ] is the NxP CP removal matrix, and
the NXN diagonal frequency-domain channel matrix
A =FHF" . From (1), the Nx1 time-domain received signal,
after synchronization and CP removal, is expressed by [22]

y=R,Hx+w=HF"s+w, 2
where w =[w[0],...,w{N —1]]" is the impulsive noise vector.

C. Impulsive Noise Model

The noise w =[w[0],...,w{N —1]]" in (2) is modeled as a
complex white Class-A noise [8], [9] with zero mean and va-
riance o, = E{|w{n]['} . Using w{n]=w,[n]+ jw,[n], where
w,[n]=Re{w[n]} and w[n]=Im{w{n]} , the joint pdf of
(w,[n],w,[n]) is expressed by

oo

_ B, - +wi)/ o,

Lo, (W5 ,) mgowf, e ; €)
where m is the random number of noise sources that are ac-
tive, with Poisson distributed probability Pr{m}=/, =
e 4" /(m!), and A=E{m}=Y>_mpB, is the expected val-
ue of the number of active sources [9]. The total noise power
o> is the sum of the power o, of the Gaussian part and of the
power o of the impulsive part, as expressed by
0. =0} +0,, and hence, by defining the Gaussian-to-Class-A
noise ratio 7 =07 /0, , we have 0. =0 (T+m/ A)/(T+1).
This means that (3) is specified only by the three parameters
A, T,and o’ [9]. This paper assumes that the noise parame-
ters are perfectly known at the receiver, as well as the received
signal power ¢, = 0;0; +0,, and the channel matrix H .

D. Receiver

We assume that the receiver is the cascade of two blocks:
an instantaneous nonlinear device g(:), to be designed, that
reduces the impulsive noise in the time domain, and a subse-
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quent linear operator that performs FFT and channel equaliza-
tion. By applying the nonlinear device to (2), the received
samples can be expressed by z[n] = g(y[n]), and, by collect-
ing the samples in z =[z[0],...,z[ N —1]]", the channel equaliz-
er yields the soft data estimate as

s=K'A'Fz, 4)
where K is the average gain of the nonlinear device g(-). The
following section explains how to design the nonlinear device
g(-) and how to calculate the average gain K .

III. IMPULSIVE NOISE MITIGATION

To design the nonlinear device that performs the noise re-
duction, we may follow either the Bayesian MMSE criterion or
the MSNR criterion. Moreover, to simplify the receiver, we
may assume a Cartesian nonlinear device that acts indepen-
dently on the real part and on the imaginary part of the received
signal in (2). This is clearly suboptimal, because the Class-A
impulsive noise in-phase and quadrature (I/Q) components are
not independent, as clearly shown by (3). Actually, the depen-
dence of (3) on the noise envelope, and not on the phase, seems
to suggest to use polar receivers, which jointly acts on the I/Q
components by a nonlinear device that distorts the received
signal envelope, leaving unchanged the phase.

A. Cartesian Bayesian MMSE Estimator
First, we rewrite (2) as
y=V+WwW, (5)
where v=HF"s is the noiseless version of y, and then as
y=V+w, (6)
where ¥ =[3[0],.., y[2N ~1]I" =[Re{y’ },Im{y"}]",
v =[v[0],...,v[2N =1]]" =[Re{v"},Im{v"}]", (7
w =[[0],...,w[2N —1]]" =[Re{w’ },Im{w"}]".  (8)
Our aim is to determine the function g (-) that minimizes the
MSE J, defined as
J = E{| g(y[n)~-vIn]['} . )
Since v[n] and w[n] are independent, the MMSE estimator of
v[n],e.g., g.(¥[n]) = E{v[n]| y[n]}, is expressed by [6]

[ 9101 frgy (FLn) =P foyy FLnD L]
f;[n](J_/[n])

where [, (v[n]), fo,,(Mn]),and f,,(¥[n]) are the pdfs of
v[n], wn], and y[n], respectively.

In order to determine g_(-) in (10), we have to calculate the
pdfs of v[n], w[n], and y[n]. For what concerns the pdf of
v[n], we note that v=HF"s is obtained from IFFT of data,
followed by linear filtering. If the number of subcarriers N is
sufficiently high, e.g., N >64, the time-domain signal F"s
can be approximated as stationary Gaussian with zero mean
and variance o, by the Central Limit Theorem. After linear
filtering performed by the multipath channel, the time-domain
signal v[n] is still zero-mean Gaussian, but with modified va-
riance 0. =0,0.. Hence, for practical OFDM systems with
large N, v[n] can be well approximated as zero-mean Gaus-
sian with variance o = o7 /2 on each 1/Q component.

8.(yn])= . (10)
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The pdf of w{n], obtained from marginalization of (3), is

1]y = Z e (11)
1[71'0'

leading to a real-valued white Class-A noise with the same A4
and T of w{n], but with halved variance o> =0_ /2.

Since the signal v[n] and the noise w{n] are independent,
the pdf of y[n]= v[n]+wW[n] can be easily obtained by convo-
lution of the pdfs of v[r] and w{n]. Being the convolution
between the Gaussian-like pdf of v[r] and the Gaussian mix-
ture pdf of w{n], the pdf of y[n] can be well approximated by
a Gaussian mixture. The obtained approximations for the pdfs
of v[n], W[n], and y[n], are then inserted in (10) that, after
some computations as in [6], becomes

N
Z " 3/2 €

2»10(0- +O_)

-3 [n)/(oy,+07)

g.(ln) =o, yln], (12)
Z B, PGS
— (0_2 +O_2)1/2
where o) =0, -0, =0,0; . Equation (12) provides an

MMSE estimate of v[ ], which, by the Bussgang Theorem,
can be decomposed as

g.(y[n]) = Kv[n]+é&[n], (13)

where K = E{g (y[n])v(n)}/ 0. is the average gain of the
nonlinear estimator, and £€[#] is the residual error, orthogonal
to v[n] . The orthogonality between the useful signal v[n] and
the residual error £[n] permits to define the SNR y as

y=Kol/o}, (14)
which is related to the MSE J in (9) by
K?*o?
y=— (15)

2J-(1-K)o;

B. Cartesian MMSE Soft Limiter Estimator

Alternatively to the nonlinear estimator (12), we can con-
strain g(-) to have a fixed shape, and design only the parame-
ters of g(-). A popular nonlinear device for impulsive noise
reduction is the soft limiter (SL) [5], as expressed by

y[n if |y[n]| fx
Zass (711 ={y[ b ] e )
sgn(y[n])e, if | y[n]| >a,
where « is the threshold to be optimized. Using the approxi-
mations discussed in Section III.A, and following the steps in
[6], it can be shown that the threshold & that minimizes the
MSE J,q =E{l g,q (V[n])—v[n] I’} is the unique solution of
the following fixed-point equation:

ﬂm e—az/(o'fﬁo'f)

e mZ::‘) 1o/;z(oj +07) ’ an
1-> B, erf(a/Jofl +o? )
m=0

where erf(x) =27"? [ exp(—t*)dt is the error function. Accu-
rate approximations of the exact solution of (17) can be easily
found by iterative numerical techniques.

Like (12)—(13), we can exploit the Bussgang Theorem to
decompose the SL estimate (16) as

ga,SL (i[”]) = Ka,SL ;[I’l] + ga,SL[n] H (18)
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where the average gain K, can be explicitly calculated as
Koo =28, erf(a/w/oj+0'f), (19)
m=0
while the variance of the residual error £, [#] in (18) is

0o (O. O' ) 2ae—a2 /((r2 +o‘2)
s ,a,SL Z rf

a
02 +02

m=0 \/71'(0' +07)

+a’[1- erf(a/\/m)]} K240 /2. (20)

C. MSNR Soft Limiter Estimator

Instead of minimizing the MSE J , , the SL threshold can
be optimized in order to maximize the SNR. Accordlng to (18)
and (14), the SNR is defined as y, =K. 0, /(207 ,) .
and its relation with the MSE J, 4 is the same of (15). Simi-
larly to (17), the SL threshold ¢ that maximizes the SNR
7,5 canbe calculated as the solution of

- - ~a*/(o,+07)
e
Spafi-ar & || P T
2 2 2 2
m=0 O-m +O-V m=0 JZ'(O'm + O-v ) (21)
2 = >
KaSLo- +2O_EaSL KaSL

where K, and o;, are expressed by (19) and (20), re-
spectwely Equation (21) can be rearranged as a fixed-point
equation that can be solved by iterative numerical techniques,
like (17). Note that, in general, the solution of (21) is different
from that of (17). Therefore, the MSNR threshold for the SL
does not coincide with the MMSE threshold for the SL. As a
consequence of the different threshold o , the average gain
K, in (19) and the variance o7, of the residual error in
(20) for the MSNR SL estimator are different with respect to
those for the MMSE SL estimator.

D. Blanker Estimators

Instead of the SL (16), the function g(-) can be constrained
to be a blanking nonlinearity (BN), as expressed by
- ylnl, if | y[n]| <ea,
n])= 22
ga,BN(y[ D {0’ it 17| > e (22)
Analogously to the SL of Section III.B, the BN threshold o
can be chosen in order to either minimize the MSE or maxim-
ize the SNR. Following the steps in [6], the MMSE threshold
o for the BN estimator is obtained numerically, by solving
o0 Am 20_316—012/(03,4—0“2,) oo Am e

2, 2 2
-a”/(0,,+0;)

= , 23
L oyt Em@rar P
whereas the MSNR threshold is obtained by solving
ﬂ - /(o2 +02) o 2e—az/(af,+o'f)
,;) (0,+0))"” _i=5(o,+0,)" (24)
KozzBNo- +2O_?aBN Ka,BN ’
where K, is the average gain for the BN, expressed by
- - /(6% +07)
Ky =D B, | orf| ——2— |- VBae . (25)
=0 \/afﬂ +o! \/ﬂ'(afﬂ +07)

2 . . .
and 07 , 5 is the variance of the residual error, expressed by
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O%.apN =
i B ot0? | 20(e’“z““3'*“5’ _K;BNO'VZ 26)
=2 J62+02 Jr(c2+0?) 2

E. Polar Bayesian MMSE Estimator

It is also possible to derive the complex Bayesian MMSE
estimator, which jointly works on the I/Q components of the
received signal: this estimator would obviously outperform its
Cartesian version (12), which does not take into account the
dependence of the I/Q impulsive noise components in (3). The
problem formulation, as in (10), consists to find

Gunmse (V[1]) = EV[n]| ¥[n]} = J.V[n]fmy (vInl; yln])dvin], (27)

where the integral has to be intended as a double integral with
respect to the conditional joint pdf of the I/Q components of
the complex random variable v[n]=v, [n]+ jv,[n] . Equation
(27) can be rewritten likewise (10), and, although we omit the
derivations for lack of space, the final result is

e V1)) = g, (| Y] 1) ™1, (28)

where y[n]=y,[n]+ jv.[n]= | y[n]| e/ is the received
signal in polar coordinates. This means that the complex
MMSE estimator (28) consists of a polar receiver that some-
how limits the envelope | y[n]| of the received signal, while it
leaves the phase Xy[n] unchanged.

The new result (28) may also be considered as a theoretical
justification to look for suboptimal polar receivers that simply
clip or blank the envelope of the received signal, leaving un-
changed the phase, as largely proposed in the literature: for
instance, the clipper and blanker of the signal envelope have
been proposed in [4] and [5], optimizing the thresholds accord-
ing to the MSNR criterion, as we did in Sections III.C and
IILLD for their Cartesian counterparts. The main differences
between the SNR maximization of [4], [5], and that in Sections
III.C and II1.D, are three. First, the optimization of [4] and [5]
does not include the multipath channel. Second, the nonlinear
devices in [4] and [5] are polar receivers that operate on the
complex signal envelope, like (28), thus requiring Cartesian-to-
polar conversion stages. Conversely, Cartesian receivers direct-
ly operate on the I/Q demodulated components and therefore
are slightly simpler. Third, the theoretical analysis for the
probability of error, derived in Section IV, turns out to be more
accurate than that in [4] and [5], which typically require a very
high number of subcarriers (e.g., N =4096).

IV. PERFORMANCE OF THE ESTIMATORS

Using the results in Section III, we can calculate the proba-
bility of symbol error on the decision variable § in (4), for
both SL and BN estimators. By expressing Z = Kv+¢€ , where
z =[z[0],...,z[2N -1]", z[n]=g(¥[n]), V is defined in (7),
and € =[£[0],...,€[2N —1]]", we reform the complex vector

z=Cz=Kv+eg, 29)
where v=Cv, ¢=Ce, C=[Lj]®I, , and ® is the Kro-
necker product. Using (29) with (2), (4), and (5), we obtain

s=s+K 'A"'Fg, (30)
where K is expressed by (19) for the SL and by (25) for the
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BN, and ¢ is the residual nmse with covariance approximately
equal to 20: I, , where o: is expressed by (20) for the SL
and by (26) for the BN. If the number of subcarriers N is suf-
ficiently high, the frequency-domain residual error Fe can be
approximated as jointly Gaussian with covariance 207, I,
Therefore, the probability of error can be calculated using the
classical methods used for AWGN. For square M-QAM, the
symbol error probability on the nth subcarrier conditioned on a
given channel realization, can be well approximated as
P,,=2p,—p,, where

() | [ BAL 7
pn—(l m]l erf[ 2(M—1)O'hz] , 3D

where A, is the nth element of the dlagonal of A, and the
average symbol error probability is P, = N~ P,

V. SIMULATION RESULTS

In this section, we compare the symbol error rate (SER)
performance of the different estimators. We consider the
OFDM system of Fig. 1, with N =256 subcarriers, CP length
L =32, QPSK data, a Rayleigh fading multipath channel with
exponential power-delay profile o7 =0.2835exp(~//3), and a
Middleton Class-A noise with 4 =0.01. With reference to (5),
we define the total SNR, which includes both Gaussian and
impulsive noise components, as SNR , =0o’ /0. . We also
define SNR; . =SNR,, (1+T), which includes only the im-
pulsive noise component, and SNR(lwgn =SNR  (+T7)/T ,
which includes only the Gaussian noise component The pro-
posed Cartesian and polar receivers (12), (16), (22), (28), iden-
tified by the suffixes “Cart” and “Pol” in the figure legends, are
compared with the classical linear least-squares (LS) equalizer
that does not employ any kind of impulsive noise reduction,
and with the MSNR SL and BN polar estimators. Note that
according to Fig. 1, and differently from [3], also the MSNR
SL and BN polar estimators are applied before the channel
equalizations, and adapt their thresholds to the channel state.

Fig. 2 compares the SER performance of the proposed es-
timators as a function of the total SNR, SNR,, , when
T =0.01. Fig. 2 proves that the proposed estimators are effec-
tive, especially at low SNR. The Bayesian MMSE estimator
and the BN estimators provide the best SER, followed by the
SL estimators. Specifically, in this simulation scenario, MMSE
estimators yield the same performances of MSNR estimators.
As expected, the polar estimators, which act on the signal
envelope, yield slightly better performance than their Cartesian
counterparts based on the I/Q components, which however are
slightly less complex. Also note that the theoretical SER curves
well match the simulated SER, for both Cartesian and polar SL
and BN estimators.

Fig. 3 shows the SER of the proposed estimators as a func-
tion of the impulsive-noise SNR, SNR, =, when the Gaussian-
noise SNR is SNR,_ =20 dB. Also in this scenario, the
Bayesian MMSE and the BN are the best estimators. Fig. 4
exhibits the SER of the proposed estimators as a function of the
Gaussian-noise SNR SNR when the impulsive-noise SNR
is SNR, ~=-20 dB. Note that, when SNR_ is quite low,
MSNR estimators outperform MMSE estimators. This is con-
sistent with the SER analysis, since the probability in (31) de-
pends on the SNR.

awgn 2
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VI. CONCLUSIONS

We have investigated sample-based MMSE and MSNR
Class-A noise mitigation techniques for wireless OFDM sys-
tems in frequency-selective fading channels. We have also
proposed a semi-analytical SER performance assessment that
turns out to be quite accurate for both Cartesian-based receiv-
ers and polar-based receivers. Future work will deal with the
design of channel estimators that are robust to impulsive noise.
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Fig. 4. SER comparison as a function of the Gaussian-noise SNR.
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