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Abstract—This paper analyzes the quality of service (QoS)
of scheduling algorithms for heterogeneous users in multi-
user (MU) wireless systems that take advantage from a cross-
layer design with both adaptive modulation and coding (AMC)
and automatic repeat request (ARQ). By developing a general
theoretical framework based on a finite-state Markov chain,
we analytically evaluate the average delay, the packet-loss rate
(PLR) and the throughput of a scheduling algorithm based on
the channel condition, the buffer occupancy, and the number of
retransmissions, of users belonging to different service classes.
The Kkey assumption of our analysis, i.e., the independence
of the stationary states of different users, highly reduces the
computational complexity while preserving a sufficient accuracy.
To present the proposed analysis, we also suggest an effective
scheduling policy suitable for users belonging to different service
classes, compliant with the WiMAX standard. The good match
between analytical and simulated performance validates our
theoretical findings, and enables the proposed approach to be
used for cross-layer optimization.

Index Terms—Adaptive modulation and coding (AMC), auto-
matic repeat request (ARQ), cross-layer design, QoS analysis,
scheduling, WiMAX.

I. INTRODUCTION

N wireless multimedia communications, the presence of

multipath fading and time-varying signal-to-noise ratio
(SNR) degrades the system performance and hence highly
affects the quality of service (QoS) perceived by the user. Due
to the increasing request for high data-rate services, a number
of techniques have been proposed to counteract the negative
effects of fading channels, sometimes designed in a cross-
layer fashion [1]-[4]. For instance, adaptive modulation and
coding (AMC) [4]-[13] allows for a throughput increase at the
physical layer, by using a transmission mode (TM) with higher
bit rate whenever the SNR condition is favorable. Moreover,
automatic repeat request (ARQ) [7]-[17] at the data link layer
further improves the performance by reducing the packet loss
rate (PLR), at expense of some additional delay.

The SNR loss caused by fading channels influences the
QoS not only in single-user (SU) systems, but also in multi-
user (MU) scenarios, where the users may have different QoS
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requirements, such as in WiMAX [18]. In wireless MU sys-
tems, the scheduling task becomes crucial, since the negative
effect of fading can be overturned by scheduling a user with
good channel condition. The throughput increase provided by
channel-aware schedulers is usually significant, because of
the high probability that at least one user has good channel
condition. This effect is known as MU diversity (MUD) [19].
Anyway, the design of the scheduling algorithm, as well as
the QoS performance analysis, becomes challenging.

Herein we focus on cross-layer scheduling that combines
AMC with ARQ. A smart combination of AMC and ARQ
can increase the throughput and reduce the PLR [8]-[13],
because the error-correcting capabilities of ARQ allow for
higher modulation rates. However, the additional delay asso-
ciated with the packet retransmissions can be unacceptable,
e.g., for real-time (RT) applications. Thus, a main goal is to
find a scheduling algorithm with a good trade-off between
average delay and PLR, depending on the specific application.
An equally important goal is the capability of providing a
QoS performance analysis for scheduling algorithms whose
decisions are based on AMC-ARQ parameters, such as the
channel quality, the buffer occupancy, and the number of
retransmissions, when users have different QoS requirements.

Among the cross-layer designs for SU scenarios, the au-
thors of [11] propose a delay-constrained AMC scheme and
analyzes the PLR and the throughput by means of a finite-state
Markov chain [14]. In [20], the delay constraint is incorporated
into the rate constraint, and the power-rate adaptation strategy
is obtained using the effective capacity. The policy obtained
in [20] turns out to be a trade-off between time-domain
waterfilling, which is suitable when the delay constraint is
loose, and truncated channel inversion, which is suitable when
the delay requirement is stringent. In addition, a joint AMC-
ARQ design is proposed in [13], where the TM is dynamically
chosen using the instantaneous SNR. From the probability
distribution of the user state, closed form expressions for the
PLR, the average delay, and the throughput are obtained [13],
enabling the throughput maximization via exhaustive search.
However, the model of [13] only considers an SU scenario.

Delay-optimal MU designs include [21]-[24]. In [21], it is
shown that the delay-optimal policy assigns the transmission
to the user with longest connected queue (LCQ), i.e., to the
user with longest buffer occupancy among those users whose
channel condition is good enough for transmission. Even if
[21] assumes the same QoS for all users, it is clear that,
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when the users have different QoS requirements, delay-optimal
schedulers cannot disregard the queue backlog of the users
[22]. A delay-optimal power control and subcarrier allocation
strategy is proposed in [23] for orthogonal frequency-division
multiple access (OFDMA) systems. In [24], a delay-optimal
power control and precoder adaptation policy is designed for
multiple-input multiple-output systems. In both [23] and [24],
heterogeneous users are considered. In [12], which differently
from the delay-optimal strategies [21]-[24] also includes ARQ,
the MU design exploits statically pre-assigned frequencies
that depend on the user conditions (average SNR, buffer size,
packet arrival rate, TM, QoS). A theoretical analysis for the
MU scenario is provided in [8]-[9], where a statistical charac-
terization of the QoS is addressed by deriving the cumulative
distribution functions for the throughput and the delay. Al-
though multiple service classes are considered, the theoretical
analysis in [8]-[9] assume an ARQ with infinite number of
retransmissions, i.e., without loss of packets induced by the
channel. Moreover, the analytical model of [8]-[9] is applied
to scheduling policies, such as max-rate (MR), round-robin
(RR), and weighted RR (WRR), that do not consider the buffer
occupancies (and the completed number of retransmissions).
Differently, delay-optimal scheduling policies like [21] and
[22] are strongly based on the buffer occupancies.

In this paper, we propose a theoretical QoS analysis for a
broader class of scheduling algorithms that deal with hetero-
geneous users with different QoS requirements. Specifically,
we consider a GI/M/1 service queue, where the users have
finite buffer lengths and maximum number of retransmissions.
One of the main features of our analysis is its reduced
complexity, which is weakly dependent from the number of
users. This is obtained by exploiting the key idea that the state
probabilities of different users can be assumed as independent.
This approximation, which is reasonable in several scenarios,
is characterized by a high level of accuracy, as confirmed by
extensive simulation results. To simplify the presentation, we
develop the analysis for a specific scheduling algorithm that
we deem significant and representative, where the different
service classes are borrowed from WiMAX (RT, non-real-
time (NRT), and best-effort (BE) users) [18]. However, the
extension to a broader class of scheduling policies, including
WRR, is theoretically equivalent, although tedious in some
cases.

The main contributions of this paper, as well as the most
important differences with the previous literature, can be
summarized as follows.

o Differently from [11] and [13], which deal with AMC
and ARQ in the SU case, our theoretical analysis focuses
on the MU case, with heterogeneous users belonging
to different QoS classes. Although our approach can be
considered as a generalization of [13] to the MU case,
we remark that a direct generalization of [13] would
require a complete characterization of the states of all
the users, leading to an exponential complexity in the
number of users. On the contrary, our approach avoids
the exponential complexity.

« Differently from [8]-[9], we consider scheduling policies
that are explicitly based also on buffer occupancies and
number of retransmissions. These scheduling schemes
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are of great interest because they enable several trade-
offs between maximum aggregate throughput (given by
MR scheduling), maximum user fairness (given by RR
scheduling), and minimum average delay (given by LCQ
scheduling in ON/OFF channels). While our approach
is valid for a large class of scheduling algorithms, the
approach in [8]-[9] can be easily applied only to a
subclass of algorithms that are not based on the queue
lengths, such as MR, RR, and WRR.

« Differently from [25], we provide a theoretical char-
acterization of the QoS performance. The philosophy
of our scheduler is similar to that in [25], but our
algorithm reduces the buffer occupancy rather than the
instantaneous packet delay: this way, by Little’s Theorem
[14], also the average delay is reduced. Moreover, in our
algorithm, RT users are favored, in order to reduce their
instantaneous delay.

The rest of this paper is organized as follows. Section II
presents the system model, and Section III the scheduling
algorithm. In Section IV, we develop our theoretical QoS
analysis based on the state probability distribution, whose
computation is described in Section V. The simulation re-
sults of Section VI validate our analytical framework, and
Section VII concludes the paper.

II. SYSTEM MODEL

We consider a wireless link shared by U users. We focus
on the uplink, but it should be observed that the presented
model is valid for the downlink too. The U users are divided
in three WiMAX service classes [18]: 1) RT polling service,
with guaranteed throughput and delay, e.g., video streaming;
2) NRT polling service, with guaranteed throughput, e.g., FTP;
3) BE, with no guarantees, e.g., e-mail. Constant bit rate
users are not considered because their scheduling is trivial.
We indicate with Sgpp, Syrr and Spg the set of users
belonging to RT, NRT and BE classes, respectively, using
the class order number when opportune, e.g., Spr = 51,
SNrr = S2 and Spgp = Ss. All the users belonging to the
same class have identical traffic statistics and QoS constraints.
The considered uplink system can be summarized as follows:
first, the receiver (base station) collects information about the
user conditions (channel quality, buffer occupancy, number of
retransmissions) to perform the scheduling decision; after the
scheduling decision, the receiver feeds back to the scheduled
user the TM to be used. In the whole process, AMC is used
to increase the throughput, while ARQ is used to reduce the
PLR. Anyway, our detailed assumptions are listed below.
Al: At the physical layer, time is divided in intervals of fixed
length T’y seconds. In each interval, denoted by coherence time
interval (CTI), K > 1 data-link packets of fixed size (/N p bits)
can be transmitted, depending on the channel quality (AMC
TM). Therefore, the CTI is divided in K > 1 slots, one for
each packet, as shown in Fig. 1. For instance, in high-quality
channels, the AMC selects a higher-order constellation of size
M and a convolutional code with high code rate (, so that
many data-link packets K are mapped into a single CTI, as
expressed by

wT
K = —ZL¢log, M, (1)
Np
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Fig. 1. State and substate transition for user j at time epoch <.

where W is the available bandwidth (see Table I, where
W = 1.08 MHz, Ty = 2 ms, and Np = 1080). We as-
sume negligible overhead, perfect time synchronization among
users, and ideal power control (i.e., all the users have the same
average SNR).

A2: The propagation channel is modeled by a Nakagami-m
frequency-flat block-fading channel over each CTI [26]-[27],
i.e., the channel is assumed constant for Ty seconds. The
channel variation is captured by a finite-state Markov chain
[28], where each channel state is associated to a TM. The
AMC partitions the SNR range into N + 1 non-overlapping
intervals [13] that correspond to the TMs of Table I. The
boundary points of the SNR intervals are calculated using the
same target packet-error rate (PER) for all the TMs (see Egs.
1-4 in [13]), as usual in AMC systems. Notably, in OFDMA
systems, (frequency-selective) multipath channels are turned
into a set of parallel frequency-flat channels, one for each
subcarrier. Therefore, the flat-fading channel assumption is
compliant with OFDMA-based systems in frequency-selective
channels, such as WiMAX [18].

A3: Depending on the instantaneous SNR at each decision
epoch, the AMC selector at the receiver chooses the TM, i.e.,
the modulation-coding pair in Table I. After the scheduler
decision, the TM is fed back to the transmitting user. The TM
choice is based on perfect channel state information (CSI),
and the feedback channel is assumed ideal, with no errors and
zero latency [13].

A4: We assume Poisson packet arrival processes with packet
rate \g, packets/s, for any class g € {1,2,3}. However,
our model is quite general, since it can handle any GI/M/1
queue, with possibly different arrival processes from class
to class. The data-link layer packets, whose length is Np
bits, are mapped on physical layer time slots with different
durations, according to the current TM. The size of the
buffer of user j is B; packets. Users of the same class
have the same buffer size: B; = Bg, = Brr, Vj € Srr,
Bj = Bs, = Byrr,Vj € SNRT, and B; = Bg, = BgE,
VJ € SBE.

A5:  The error detection at the receiver, by means of cyclic
redundancy check codes, is assumed perfect. The packets of
user j are dropped either when the transmitter buffer is full,
or after R; retransmissions, where R; = Rs, = Rgrr , Vj €
Srr, Rj = Rs, = RnRrr, Vj € Snrr, Rj = Rs, = RpE,
Vj € Sgk.
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TABLE I
TRANSMISSION MODES
Transmission Mode T™MO| T™M1 | TM2 | TM3 | TM4 | TMS
Channel index c( ‘) 0 1 2 3 4 5
Modulation BPSK| QPSK| Qpsk| 16- | 64
QAM | QAM
Code Rate ¢ 12 12 3/4 3/4 3/4
Channel quality
K (i) slots/CTI 1 1 2 3 6 9
J

III. SCHEDULING POLICY

In this section, we propose a heuristic scheduling algorithm
specifically tailored to heterogeneous users. Our aim is to
provide a low PLR and a low average delay to RT users, and a
high throughput and a low PLR to NRT users. BE users have
low priority and therefore will have high throughput and low
delay only when there is enough bandwidth. In other words,
we want a scheduling algorithm that gives high throughput
while preserving some user fairness, summarized by the user
class constraints. For instance, also the WRR scheduling [8]
can handle different user classes, but it produces a waste
of channel resources, because the fixed time-slot assignment
does not enable any MUD [19], i.e., the diversity gathered
by scheduling the user with the best channel condition. Ob-
viously, an efficient scheduling algorithm should exploit the
MUD, which boosts the system throughput with respect to the
SU scenario. In this view, we propose a centralized algorithm
that acts at the beginning of each CTI. For simplicity, we
assume instantaneous decisions of the scheduler, based on
perfect knowledge of all the user states.

The state @bgl) of user 7 at time instant ¢; is defined as

(1) _ () (49
¢j = (Cj ')
(1)

where c; is the channel state, q;
rj@ is the number of retransmission attempts. We associate to
the channel rate K m as in Table I. We also define the

l)
ut111ty function

@)

@ is the buffer occupancy, and

o)) = K wd/B;. 3)

which combines the channel quality K m and the normalized

buffer occupancy q / B, thus enabhng a trade-off between
throughput and delay Besides, with reference to the Venn
diagram in Fig. 2, we define the following user sets:

« U ={j€Snr: ¢ = B; A TM # TMO} is
the set of RT users with full buffer and a channel good
enough for transmission; _

e SU (5 e s“‘m r > vk e SUY s the
subset of Sl(p g~ that groups the RT users with maximum

number of retransmissions r(l);

o Sypx = {7 € Sy« K > K, vk € P}
represents the subset of Sj Bi) with RT users with the
best channel quality;

. Siig ) = {J € SrrUSnrr: ¢\ > ¢\, Vk € Spr U
SNrT A (;5 > 0} collects both RT and NRT users with

maximum (nonzero) utility function (;S(i);
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Fig. 2. Users partitioning employed by the scheduling algorithm.
(zRT) (zRT) (i) (4)
e Suer =1 € S]V[<I> /R = /R, VE €

S(xRT)} is the subset of SﬁgT that groups users
w1_th maximum normalized number of retransmissions
T ® /R;;

. S(BE ={jeSpr: o\ > ¢, Yk € Spr A o) >
O} represents the set of BE users with maximum and

nonzero qu
. Sz(\ffr —{jES(BE : () >rk 7W<:€S(BE}1sthe
subset of S Mf ) with maximum r( 2

Using these sets, the proposed algorithm is expressed in
Table II, where “%” stands for “comment.”

We remark that the proposed scheduling algorithm specifi-
cally tries to reduce the delay of RT users by first assigning
the priority to RT users with full buffer, which actually are
experiencing the maximum instantaneous delay. This way, also
the PLR of RT users is reduced, because it is less probable
that their buffers become full and packets are discarded. Since
the utility function ng in (3) is proportional to the buffer
occupancy, due to the Little’s Theorem [14], the average
packet delays of RT and NRT users are also reduced. In
addition, BE transmission is authorized only when all RT and
NRT users have empty buffers or experience deep fading.

The main difference of the proposed scheduling with respect
to [25] is that it considers buffer occupancies instead of
instantaneous delays. Therefore, our scheduler grants service
to RT users with full buffer, while in [25] users have the
priority when their packet delay is higher than a temporal
parameter called “time deadline,” whose choice affects the
performance. A performance comparison between the two
approaches is given in the simulation section.

IV. QUEUING ANALYSIS OF AMC-ARQ-BASED
SCHEDULING

Our aim is to derive a probabilistic characterization of the
state vector (2) of a generic user. We first summarize the SU
analysis carried out in [13], which we subsequently extend to
the MU case.
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TABLE 11
SCHEDULING ALGORITHM
.o o(RT) (zRT)

01 fSFBRUSM@ #0
02 it ST £ 0 % RT with full buffer
03 Lran@mlssion randomly assigned to user € S;,I;TI%
04 else
05 . (zRT) .

if Sy e, NSrRT #0 % RT without full buffer
06 transmission randomly assigned to user € Sg\/[g’zw) N SrT;
07 else % NRT transmission
08 transmission randomly assigned to user € S](\jgf) NSNRT
09 end
10 end
11 else
12 Sg\iﬁ) # 0 % BE transmission
13 transmission randomly assigned to user € Sgﬁfﬁ;
14 else
15 no user transmits;
16 end
17 end

A. Single-User Analysis

The channel state transitions are modeled by an embedded
Markov chain, described by the (N + 1) x (N + 1) transition
matrix P¢, whose elements [P¢],, ,, = Py, are derived by
a level crossing rate analysis [29]. The complete SU state is
described by 1/1(1') in (2). If ¢ = n, ie., the AMC selector
chooses TMn, then the CTI is divided in K, ) = K, slots of
duration T/ K,,, as in Fig. 1. The queuing process is described
by an embedded Markov chain, where the transitions of the
substate (¢(*, (") in each slot are described by the square
transition matrix T, of size (B + 1) (R + 1) (see Appendix A
of [30]), where B is the buffer length and R is the maximum
number of retransmissions. As explained in [13], the evolution
of the substate (¢'*), (")) during the whole CTI is described
by the matrix TX~. The packet arrival process and the channel
transitions are assumed independent, and hence the transitions
of the whole state 1V = (¢, ¢ 1)) are described by the
square matrix with size (N +1)(B+1)(R+1) (see Egs. 27-28
and Prop. 1 in [13])

Po,oTo Py,nTo
P= : : . “@

Py oTRY Py NTRY

The stationary state probability vector, denoted by w =
[7(0,0,0)> T(0,0,1)5 - T(N,B,R—1)> T(N,B,R)]» Where T(c ) is
the stationary probability of the state (c,q,r), is classically
calculated as [14]

TP =m 3 megn =1 5)

,q,T

From the obtained left eigenvector 7r, it is possible to
analytically derive the average delay 7p, the PLR Ppr g, and
the throughput 3, by means of Equations 31-44 in [13], which
we simply summarize by 7p = fp (), Pprr = fpLr (1),
and ¥ = A\ (1 — Pprr), where X is the packet arrival rate.
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B. Multi-User Analysis

From a theoretical point of view, an MU system
with U users can be described by a superstate s¥) =
(cg ),qll),rg ), . cy), q[(J),rU)) and by the corresponding
transition matrix P. This way, any scheduhng ?0110 based
on memoryless utility functions ap = f] ,q] o7 ),Vj €
{1,...,U}, can be easily modeled The superstate transitions
are described by a finite-length Markov chain that is both irre-
ducible (because there is a single communicating class [14])
and aperiodic (because there is at least one superstate with
nonzero self-transition probability [31]). As a consequence,
the stationary state probability vector 7(S) exists and is unique,
and could be calculated as the left eigenvector of P associated
to the unit eigenvalue, as done in (5) for SU systems. Unfor-
tunately, this approach is impractical, because the number of
superstates L) = Hz AN +1)(Bs, + 1)(Rs, + 1)]Y,
where U, is the number of users in the gth class, would be
too high in real systems. Thus, the computational complex1ty
would be exponential in the number of users U = Z g=1 U
To reduce complexity, we want to consider only a unique
user per class, which is referred to as the representative
user of that class, so that the number of states is greatly
reduced. This SU-per-class approach is useful to describe the
equilibrium condition, where the probability that user j is in
state ©; = (c;, q;, 7;) is the same for all the users in the same
class of user j, since users in the same class have equal traffic
intensity, equal channel statistics, and equal QoS requirements.

To develop our SU-like approach for MU systems, we
exploit an assumption of independence of the probabilities of
the stationary states for all the U users, expressed by
= T(erqm) = T(ev,quro)s  (0)

T(c1,q1,71,.0-CU,qU,TU)

where (¢, q1,r1,.....c,qu,rv) 18 the stationary probability of the
superstate s, i.€., (¢, ,q1,r1,....,cu.qu,rv) 1S @ generic element
of (), while T(c;,q;,7;) 1S the stationary probability of the
state ¥; = (cj,q5,7;), 1-€., T(c;,q;,r;) IS the corresponding
element of 7; = 7(*¥s), Obviously, 7r; exists and is unique,
and it could be theoretically obtained by marginalization of
7(5) over all the users other than j. It is worth noting that the
approximation (6) is not valid for all the scheduling policies.
By comparing analytical and simulation results, we have
noted that (6) is more accurate for those scheduling policies
that do not take into account the substates (qj,rj), e.g.,
MR scheduling [9], and for RR-based policies. Conversely,
the approximation (6) could potentially be less accurate for
scheduling policies based on buffer occupancies, such as our
algorithm of Table II. However, the dependence among the
users’ substates {(c;, ¢;,7;)} primarily arises when the buffers
have saturated. When the scheduler is efficient and there
are many users, the dependence among the users substates
is generally weak, and hence (6) leads to accurate results.
For the proposed scheduler, the accuracy of (6) is verified
in Section VI, where we compare analytical and simulation
results.

The assumption in (6) permits to focus on the evolution of
the single state ¥, = (cj,q;,7;) of the user j. Basically,
we want to derive, for the user j, a transition matrix P
that plays the same role of P in (4) for SU systems. Since
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the state evolution for the representative user j also depends
on the channel states, buffer occupancies, and retransmission
attempts of all the other users, it is clear that the desired
P, will depend on the probabilities that the other users
are in specific states. At the steady-state equilibrium, these
probabilities are the stationary probabilities for the states
of the other users. In other words, P; should incorporate
some information about the other users. This information is
represented by the dependence of P; from 7y, Vk # j, which
is developed in Section V. In addition, the evolution of the

state b also depends on the scheduler decision. Indeed, when

user j is transmitting (Tx), the state transition matrix P;Tw)

is different from the matrix Pﬁ-no*m) used when the user j
is not transmitting (no-Tx). Both matrices, omitted for lack of
space, are derived in Appendix A of [30]. However, instead
of dealing with a scheduling-dependent time-varying Markov
chain, we introduce (as in [8]-[9]) the extra substate 7 that
represents the Tx condition: 7; = 1 when user j is Tx, and
T; = 0 when user j is no-Tx. By this approach, we can define
an extended-state probability vector

¥ = (0, 1)) = (¢, 45,75, T)) » 7

which evolves according to a state-transition matrix P; (to
be determined) that depends on {mj, k # j}, Png), and

P;no*Tm). The state-transition matrix P; is derived in the
next section.

We now briefly discuss some properties of the Markov
chain obtained from (7). First, it is straightforward to show
that the Markov chain is irreducible, since there is a single
communicating class. Indeed, it is evident that, starting from
any state v:b: = (¢}, q;,7%, T}) (characterized by a channel
condition cj, a buffer occupancy qj, a retransmission number
r;, and a transmission state 777), the physical phenomenon
induced by the memoryless scheduler does not prevent to
reach any other state v:b;r = (¢ ,q;,r),T;"). Note that some
states, such as those of type (c,0,7,7") with r > 0, are not
possible and hence are not considered into the Markov chain.
Second, since the Markov chain is irreducible and finite, all
the states are positive recurrent [14]. Moreover, it is easy
to verify that the Markov chain is aperiodic. Indeed, since
the transition probability from (0, 0,0, 0) to itself is positive,
the state (0,0,0,0) is aperiodic, such as the whole Markov
chain [31]. Since all the states are both aperiodic and positive
recurrent, i.e., ergodic, the steady-state distribution probability
vector 7r; exists and is unique. Similarly to the SU case (5),
this distribution can be calculated using

7P =7, 7il=1, (8)
where 1 is the all-ones column vector. The stationary proba-
bility of a generic state d)j = £0j7 qj,75,T;) is expressed by
T(ejazory ;) = [ﬁ'j},;j, where k; = 2(B; + 1)(R; + 1)¢; +
2(R; + 1)g; +2(rj + 1) + T; + 1, due to the fact that the
variables in (7) are used from left to right to identify the
index kj. ObVIOUSLY, T (e, g:ri) = T(e;.q5m5.0) T Tesiqsirsi1)-
Therefore, from 7r; we can simply obtain 7r;, which permits
to analytically derive the average delay 7p ;, the PLR Ppp g ;,
and the throughput X;, of user j, by means of 7p ; = fp(7;),
PPLR,j = prR(ﬂ'j), and Ej = )\j(l — PPLR,j)7 where /\j



2644

is the packet rate of user j, as in the SU case [13]. As a
result, thanks to the independence assumption (6), we have
converted the MU problem into U SU-equivalent problems,
one for each user. Actually, only three out of U problems are
really different, since the users in the same QoS class have
the same state probability distribution ;.

V. STATE TRANSITION MATRIX AND STEADY-STATE
PROBABILITY DISTRIBUTION

In this section, we explain how to calculate the state
transition matrix 15 for user j used in (8) to derive the steady-
state probability distribution ; for user j. The 2Ly, X 2L,
state transition matrix P associated to 1/J is defined as

M 0,0,0)-(0,0,0)

M. .B;.Rrj)=(0,00) "

M(0,0,00(N,B;.R;)

M(n.B;.Rj)—(N,B;.R)
P10y (D 0) Pl o) 1)

M . .
Paf= @i

(10)
where we have set up the compact notation pg = Pr{E} to
indicate the probability of an event E The elements of (10)
describe the substate transitions ¢ - — @bg) for Tx and
no-Tx cases. Thus, by conditional probability rules, we derive

(i—1) @) = . )
¥ oY P@li=D o@D .0

Pl 0)— (" 0)

o (no—Tx)
= [Pj ]k)y—l)7k§.'i)ij('i71):0_>Tj(i):O‘d);i—l)_Mpg.i)7 (11)

Ppli=1 0)— (" 1)

_ plno—Taz); _ . . . v
= in ]k;z—l)vkj(vz)ij(zfl):O*}Tj('l):1‘,(/);1*1)*},‘/}57')7 (12)
Py i=1 1) (97 0)
= P(TI) i— i i— i i— i)y 13
[P; ik§ D ROPpE=D 1 (i) LD (13)
Pl - @™ 1)
= P(-T 2) i— i i— i i— i)y 14
[P; ik§ D ROPpE=D g 01D gD (14)
where the index K" = (B;+1)(R;+1)c" +

(Rj+1)q; 4 (-i) +1 is compliant with the substate ordering

( 5:’)7% ), ]( )) Therefore to compute the matrix 15] in (9),

we have to compute the transmon probabilities in (11)-(14)
for each transition of @b , based on the adopted scheduling
policy. Actually, we only derive the transition probabilities
with final state 7' = 1 in (12) and (14), which are simpler
to obtain, and we exploit the relations p(wéi—1)70)_>(¢§i)70) =

[P(no—Tx) and

i e L T C R Y

— pT=)y L
p(wj(vi—l)vl)*}(wj(vi)vo) = [Pj ]k;hi)’k;z)

to evaluate the transition probabilities with Tj(i) = 0in (11)
P(Tr) P(.nofTr)
J J

Prapli=1 1) (90 1)

and (13). Remembering that and are available

in Appendix A of [30], it turns out that the computation of l5 i
requests the computation opr(l 1) 0_)T() 1‘1#(1 1) w() and
pT@ 1y 1_>T< i 1|w“ 1) ¢( ) in (12) and (14) respectlvely,

Vd)l 1) Vd)()
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Since only three out of U problems (8) are different,
instead of solving (8) U times, one for each user j =1, ..., U,
we solve ﬁsgl.z)sg = 7wg, for g = 1,2,3, where g, and
].Ssg represent a generic couple 7; and 15j for j € 8.
This fact highly reduces the complexity of the evaluation of

PS =P, j € S,, because Pen(i—1) (4) (i—1) (4)
7 9’ T; *O*)TJ =1l9; —p;

1—>T() 1‘1’[}(1 1) ¢() in (12) and (14)
need to’ be evaluated only for the three representative

and pT(l 1)_

users. Moreover, since the proposed scheduling
policy is  memoryless, pT@ 1)7(HTJ( )71“/}(1 1>H¢< i
and ij(ifl):1HT;1‘>:1‘¢;1-71> me do not depend on
the previous state @bgi_l), but only on the -current
state v,by) . This property further reduces complexity,
because  many  transition  probabilities have  the
same value; for instance,

PT(L Vo151 —1jy()

Pp=1 21 7 = gpi—D 1/,u, 11’(1 D

As it will be evident in the followmg, the transition
probabilities (12) and (14) depend on the stationary state
probabilities of all the users. Therefore, f’gg depends on
{7s,, sy, T35 }. To overcome this cross-dependence, we
resort to an iterative procedure. At the nth iteration, ].Ssgm
is computed from the vectors {7s, n—1,T5,,n—1,7Ss,n—1}
available from the previous iteration, and then mg, , is
updated using f’ggm. As initialization, we select s, o to
have a uniform distribution, excluding the impossible states.
Summarizing, our iterative procedure consists of two steps.

Step 1: Computation of the state transition matrices {P Sym s

where ].Ssgm = [5,(s; n—1,TSyn—1,TS;n—1) compactly
summarizes (9)-(14), (20)-(21), (28)-(35), for g € {1,2, 3}.

Step 2: Computation of the steady-state probability distribu-
tions {75, n}, for g € {1,2,3},by 75, n = frLE1(Ps, n-1)
where frp1(A) is the left eigenvector of A associated to the
unit eigenvalue.

A. Step 1: Computation of the State Transition Matrices

By 9)- (14) the state transition matrices
{Ps,.n,Psyn;Ps;n} depend on the transition
probabilities pT’v(z—l):O*}T;i):‘l‘,‘/)"(ji—l)*},‘p;i) and
pT(L 1_ 1_>T(7,) 1‘,4)@ DIOR le(z) In the following,

we briefly outline How to derive these transition probabilities
for a memoryless scheduling scheme. Successively, we
specialize the analytical derivation to obtain the results for
the proposed algorithm.

1) Outline of the Analytical Derivation in Step 1:

o To distinguish the Tx and no-Tx cases, we first introduce,
for each user u, the events

TXO0, :={T{Y =0},
TX1, :={Ti1 =1},

u

(15)

Then, for each set S of users (i.e., the sets defined in
Section III), we derive the conditional probability that a
user u belongs to the set S, conditioned on 7'X0,, and
conditioned on T X1,,.
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o For each class S;, we consider the representative
user j € Sy, and, for each state w;l), we cal-
culate the conditional probability that j is sched-
uled. For each class, two conditional probabilities
have to be found: pT(L 1) 1~>T(l) 1‘1/)@ 1)%1/}(1) and

pT(l 1y OHT() mp(l 1) w() Any smgle user j that can
be’ scheduled must belong to one of the sets enabled
for transmission, i.e., to one of the four sets expressed
in the Lines 03, 06, 08, and 13 of Table II. Let us
denote this set with S. All the other U — 1 users
can be partitioned in three sets: S mp, Which contains
the users with transmission priority higher than user j;
Sip = (S1 U Sy U Sg)\(SHP u S) which contains
the users with equal priority with respect to j; and
Sip = Sg\(S'Hp U S), which contains the users with
lower priority.

o The probability
ij(i—l):1*)Tj(i):1‘,‘/);i—l)*y¢§i) is evaluated as the

probability that Sgp = 0 and user j is randomly chosen
among the users in S. By the independence assumption
(6), this probability can be computed by expressions that
contain terms like

conditional

Lf(U;1

u=0

) ( )Z)EPPgP1 “,

(16)
where pgp is the probability that user u € S'Ep, pLp 18
the probability that user v € Sy p, and w (u) = 1/(u+1)
is a weight that takes into account the random choice
among the u 4+ 1 users in S.In (16), the probability py p
that user u € S mp does not appear, because Tj(l) =1

implies that there are no users in S'Hp, and hence the
multiplicative term p%; » = 1 is hidden.

o To evaluate the conditional
PT(i 1>_0_)Tjgi>:1‘¢;i—1>_>¢§_i>,
ugﬁwl) # j the index of the Tx user in the (i — 1)th
CTI. Few subcases have to be considered, depending
on ug,f;l) € Sor ugﬁ;l) € Spp in the ith CTI, and
depending on the class of uggl). The conditional
probability can be expressed as a weighted sum of few

terms similar to (16), one for each subcase.

probability
we denote with

Now we focus on our scheduling algorithm. We evaluate the
transition probabilities for RT, NRT, and BE users. For each
class, we compute the probability that no other user, even
of a different class, is scheduled instead of the representative
user j.

2) Transition Probabilities for RT Users: According to our
scheduling algorithm, an RT user is scheduled when Line 03
or Line 06 of Table II is executed. We distinguish between
these events, identified by E1 and E2, respectively.

Event E1 (Line 03 of Table II is executed). This happens when

both the conditions of Lines 01-02 are true, which leads to
S = SFB 1)( In this case, the buffer q]) = Bpgr is full, and

hence j € S}%T) when cé) > 0 (TM; # TMO) (The case
()

¢;” = 0 is ignored because user j would be surely no-Tx).

Bearing in mind the definition of SI(,RBTI% in Section III, we
define suitable conditions for SI(;%T) and Sgg). However, even
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if j € S}IET), auseru € S}IET), with u # j, can be scheduled
instead of user j: hence, to derive Prl= o7 1| and

Pri-v_y 1) _yjgpt We first find the probablhty that u ¢

S}%T) for any user u # j. To this aim, we define the event
that user u has a lower buffer (LB) occupancy as

LB, = {ug S (17)

Since our scheduling policy takes ARQ 1nt0 account, we have
to consider also the case u € S}RT \S r BT ,i.e., the case when
user u cannot transmit because r, < r;. Thus, we define the
event that user v has a lower retransmission (LR) number L R,,
than the user j as

LR, .—{ GS \SFBTLJGS%RBJ; }

Similarly, since the scheduler takes AMC into account, we
consider u € S}%ﬁ \Sggf){, where the user u is characterized
by a rate K’ ®

lower (or equal) than K @ , as expressed by

(18)

(RT (RT
LK, = {U € SFBT)\SFBK’-] € SFBI)(}

EK, = {u S SFRBTI){,j € SFIET[){}

As derived in Appendix B of [30], the events in (17)-(19)
allow to express pT’v(Fl):lﬁTj(n:lW(_i) as in (20), shown at

19)

the top of the next page, where forjsimplicity we omit the
user index u into the conditional probabilities, which are the
same for all RT users, e.g., prp,|Tx0, = PrLB|TX0- The
probabilities pr,piTx0, PLRITX0, and the others, are derived
in Section V.A.5.
Let us now transition

this

assess  the
Since in

probability

pT(L V01D =1)p(0 case user ) was

no-Tx during the (i — 1)th CTIL, u%m 2 # j was Tx (we
define ugﬁw Y = 0 when no user was Tx in the (z — 1)th CTI).
By distinguishing between u(Tm € Srr and uT -1 ¢ Sgrr,
the probability pT(l D gy ¢( i, derived in Appendix B
of [30], can be mmphﬁedl as in (21), shown at the top
of the next page, where w = (Urr —1)prxip,, and
PTX1pr = Pr{Téifl) = 1} stands for prxi, in (15) for a
generic user u € Sgyp. This is consistent with (20), which
indeed is equivalent to (21) when Urr = 1. The probabilities
in the right-hand side of (21), as well as prx,, are derived
in Section V.A.S.
Event E2 (Line 06 of Table II is executed). This happens when
the condition in Line 02 is false, so that the buffer qjl) < B;
is not full. In this case, S = Sy (xRT) N Sgrr. To evaluate the
transition probabilities, we have to consider that also NRT
users could transmit, depending on their utility function ¢7(j ),
Let us first derive pTgifl):lﬁTj(i):llwy). First of all, anal-
ogously to El, we have to determine if a generic RT or
NRT user belongs to S\ Mq, , which is a set included in the
definition of S IRT), and in the case of RT users, if they

belong to 5 r B . We therefore define the events
LOLB, :={u € (Srr\Syy N\S\ia i€ Sha"}, 22
L&y ={u € (Swrr\Sia ) U (Szp\Sifa”);

je SURT y sBEN (23)
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Ppi-1) _ (4) _ (i)
l]. _1~)le _1‘1/);
u=0

VR Upp -1\ 1
RT —
- Z ( u ) u+ 1P%K|Txo (PLBITX0 + PLRITX0 + PLK|TX0)
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Urr—1—u

(20)

X (prB|TXx0 + PLRITX0 + PLiciTXx0) *T 2T <

Urr—2

Pri=n_or 1)y = (1- w)pT;Fl):laT;i):HT/};i) tw Zo
u=

(URT—2

3
u )pEKTXO

PLB|TXx1 T+ PLRITX1 + PLK|TX1 + PEK|TX1 @
u—+1 u+ 2

where (22) is related to RT users and (23) to NRT and BE users
(the events related to BE users will be used later on). There
are also other considerations that help us in identifying useful

events. If there is no user u # j belonging to SI(,IET USJ(ijgT),
{j}, and consequently

we have SUL) = and SUR") =
user j certainly transmits. Anyway, even if some users u # j

belong to Sj(\ng), when none of them belong to Sj(\ﬁgf )

, user
Jj certainly transmits. Thus, we also define the events:
«RT zRT RT
LRLB, i={u € ((Srr N Siig" N\Siiar N\Sks
J €Sy} (24)
ERLB, :={u e SUF) A Spr,j e SEETY (25)

L®R, :={u € (Snar N Siia N\Siia, )
BE BE)y . xRT BE

U (SJ(\4<I> )\SI(\/[<I>7‘))’-] € Sz(v1<1>r) U SI(\/[<I>7‘)}’ (26)
E®R, ::{u S (S](Va;gf) N SNRT) U SJ(qui),
j € Siiae USia b @n
where (24)-(25) are valid for RT users, and (26)-(27) for
NRT and BE users. From Appendix C of [30], we have (28),
shown at the top of the next page, where wy = (pLg,‘T xo0 +

U
PLOR|TX0 T PESR/TX0) VT

We now focus on p,.i-1 ) . In this case, we
T; =0T, =1|vp; ’

have to distinguish among the three cases: uggl) € Sgr,

u%;l) € Syrr, and u%;l) ¢ Srr USnRT. In Appendix C
of [30], we have derived the transmission probabilities for
user j for all the cases, which lead to (29), shown at the top
of the next page, where w1 = UNRTPTX 15 s (Projrx1 +
PLOR|TX1 +pE<I>R|TX1)w0_1 —1) —wowy ' + 1 and wy =
(Urt — 1)PTx157Wo-

3) Transition Probabilities for NRT Users: This case cor-
responds to Line 08 of Table II, i.e., an NRT user transmits.
We consider again the sets S}IET), Sgg), SE;RBTI)(, SJ(\;gT) and

S](SSTT ) defined in Section III, and the events defined in (22)-

(27). When j € S;V?gf) N Sngrr, user j transmits only if
S](gf;f) NSkt = 0. RT users are no-Tx if L®LB,, or LRLB,,
is verified. For the other NRT users, we have to consider L®,,

and LOR, when u ¢ SUFT) 0 Sypr, and E®R, when
u € Sﬁgf) N Sygrr. From the Appendix D of [30], we
obtain (30) and (31), shown in the next page, where ws =
(pLorsirxo + PLrLBITX0) ", wa = 1 — URTPTXip, —
(Unrr — UprXiners Ws = UrrPrxiprs (Prersirxo +
prreeirxo)’ " (prorpirx1 + PrrupiTx1). and wg =
(Unrr — 1)PTX15rr PLorBITX0 + PLRLB|TX0) FT.

4) Transition Probabilities for BE Users: This is the last
case of our algorithm, when Line 13 of Table II is executed.
We exploit the definitions of SJ(\fqi) and S](ff ) through
(23), (26), and (27). We remark that BE users are sched-
uled for transmission only if all RT and NRT users cannot
transmit, due to bad channels or empty buffers, expressed
by the event C0Q0 = {(c¥ = 0v ¢! = 0),Vu €
Srr USNgr}. Since C0QO depends on the class of ug,fajl),

we introduce the probabilities ppg, = PcoQojuli= eSnr
Tx

PBE: = Poqojul-Vesnpr 24 PBEs = Poogopuli—esp s
From Appendix E of [30], we obtain (32) and (33),
shown in the next page, where w7y = UrrPrXxip,PBE, +
UNRTPTX 15 prPBE, + (1 =URTPTX13r —UNRTPTX 15 pr —
(Upe — 1)prx1p5)PBE; and ws = (Upg — 1)prx155PBE;-
In (33), we have also included the case u(Tz;I =0.

5) Computation of the Probabilities of Conditional Events:
The analytical expressions of the transition probabilities in
(20)-(21) and (28)-(33) depend on conditional probabilities,
such as prriTxo and prerpjTx1, Which turn out to depend
on the stationary state probabilities conditioned on the events
TX0, and TX1,. Consequently, instead of the stationary
state probability vectors {75, n-1}, ¢ = {1,2,3}, available
at iteration n — 1, we have to consider the two subvectors
of g, n—1 that correspond to the stationary state probability
conditioned on T~ = 0 and on T¢~1 = 1, denoted with
ﬁgzogirf ) and ﬁ'gﬁz_l, respectively. By standard conditional
probability rules, for u € S, we obtain

~ (no—Tz) T(c,q,r,0),8g,n—1

(cqr).Syn=1 =

~(T T c,q,r,1),Sg,n—1
7r( ) _ (¢,q,m,1),5g (34)
(c,q,7),Sg,m—1 ’
Prxi,
~ ) ~ (no—Tz) ~(Tx)
where 7T(07q77‘aT(171))aSg7n_1’ 7-‘—(c,q,r’),.‘Sg,nfl’ and

~ ~ (no—Tz) ~ (Tx
are the elements of 7s, 1, 7g ;. and wg ', . re-

spectively, corresponding to ¢, = ¢, ¢, = q and 7, = 7.
Note that prx1, = Yoo Yo Somo F(esquri1),Sym—1. While
prxo, = 1 — prxi,. In addition, the transition probabilities
are conditioned on the transmission at the (¢—1)th CTI, but are
calculated at the ith CTI. Consequently, we include the time
evolution from ¢ — 1 to ¢ by multiplying the conditional state

probability vectors by the pre-computed matrices P(S’;"T;Tf)

and Pgﬁ_l, respectively, as expressed by

7f‘_(no—Tx) o

~ (no—Txz)p(no—Tx)
Sgm—1 — TS, n—1 Psg

)
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Urr—1

; ) J— }i Urpr —1 1 ( + )URT—l—u (28)

pT]‘(lfl):lﬁTju):llwél) = wo u u+1pERLB|Txo PrLeLB|TX0 T PLRLB|TXO0
u=0

PT(z V01D =1]p) T wlpT<z Vo151 =1y +ws E u

vl 2( Urr —2
u=0

u
) PERLB|TXO0

Urr—2—u ( PL&LB|TX1 T PLRLB|TX1 = PERLB|TX1
X (PreLBITX0 + PLRLBE|ITX0) Py i (29)
Unrr—1
UNRT - 1 1 UNRT 1—u
Pt gy g0 = W3 Z ( u " 1pE<I>R|TXO (PLeTx0 + PLoRITX0) (30)

u=0

Unrr—1 U Unrr—1-u
N Unrr —1 qu>R|TXQ(pL<I>\TXO + PLor|ITX0)
PpGi-1)_ (D) 114, = W4APp(i—1) _ (1) [ TW5

T3 =0T =1 T =151 =1|4 2: w1

u=0
UN§_2 < Ungr —2

u

+ we

Pre|rx1 +PLORITX1 pE<I>R|TX1) 31)
u

U UNRT—2—1u
>PE<1>R|Txo(pL<I>TX0 +preriTxo) VT ( Py w2

u=0

Vrell iy 1 1 Upp—1

BE — BE—1l—u

Pr6=v 17 21 jp(» = PBE;s Eo < U ) Yoy 1PE<I>R|TX0 (PLeTx0 + PLorITX0) (32)
u—

Upg—1
(i-1) _ (1) _q 1) = W7 E 1
le ,0—>le ,1\,4,; e w w1 E®R|TX0 \PLP|ITX0 LO®R|TXO0

URET?  Upp —2 u Upp—2—u [ PLo|Tx1 + PLRITX1 | PER|TX1
+ws Z u PErTx0(PLS|ITX0 + PLRITX0) w1 = (33)

~(Tz ~(Tz Tx no—Tx
ﬁ(sg,ﬁfl :W(sg,y)LqP(sg ), (35) PEK,|TX0, = ((c],Bu,r)J Ru/R;),S1,n—10 (39)
From (35), we derive the probabilities used in (20)-(33), for Tx ZN: Zm: i (o) “0)
and no-Tx users. These probabilities correspond to the sum of PLOLB.|ITX0., = (c:ar) ngn v
~ (Tx) ~ (no—Tx) ) c¢=0q=0r=0
the elements of subvectors of 7w ")), or g, ~;~, depend
. .. . R = N [¢JB]/KC] 1R,
ing on the conditioning on T'X1,, or T'X0,, respectlvely, for (no—Tx) 41
u € S,. By exploiting Appendix F of [30], we derive PL2.|TX0, = Z Z Z Fleqr),Sgm-10 (41)
(no=T :
~(no—Tx) ~(no—Tx)
DLR.|TX0, = Z Z (e\Bu,r),S1,n—1° (36) PLRLB,|TX0, = Z Z (C 6, B; /Kc,r) Sin—1° (42)
c=1r=0 =0 r=0
A (no— Tm) ~ (no—Tx) 43
PLB,|TXO0, :Z Z T (erar),Sgin—1 PL®R,|TX0, = ZZ C(bJBJ/KC, ),Sgm—1° (43)
c=0 ¢q=0 r=0 c=| O r=0
R,
no—Tx no—Tx)
+ Z A(O Bu? ),Sg,m—17 37 PERLB.|TX0, = ZT]“”’CW 7"’;{ i JRR“),Sl,nfl’ “4
c 'j
i v (no~Tx)
pLKu|TX0u = Z ﬁ-((:OB_u?;x])Ru/R]) S1,m—1° (38) qu)RulTXO“ - ZO W(C=¢ij/KC7TJR'M/Rj)=Sgan—1’ (45)

c=1
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~(no—Tx)

(:0,7),Sgin—1 is the element of

where, for a user u € S,, 7

frg;on ") that corresponds to ¢, = ¢, ¢y = ¢ and r, = r, as
expressed by T((ZZT??Q” L= gnon Tlﬂi)]km’ B0 = (Bu +
1)(Ry+ et + (R, +1)q5)+r5)+1 R=1[r;R,/R;] -1

and m = min{[¢;B;/K.| —1,B, — 1}. In (44), 0y jc

1 when ¢;B;/K. < By, and 1. = 0 for ¢;B;/K. =
B,. Please observe that, when r; 2, /Rj is non-integer, the
probabilities (38), (39), (44), and (45) are zero. The other
probabilities, i.e., those conditioned on 7°X1,,, are the same

.0~ (Tx) ~ (no—Tx)
of (36)-(45), but with Teqir), Sy, , instead of 7 T e\qr),Sgom—1°

B. Step 2: Computation of the Probability Distribution of the
Stationary State

The state distribution vectors {75, n} . g = {1,2,3} are
derived from the knowledge of Pg_ ., as follows
T5ynPs,m = Fsym, Tg,nl=1. (46)

Specifically, 7s, , is the unique left eigenvector of ].Ssmn
that corresponds to the unit eigenvalue, which is also
maximum. Hence, the power method [32] can be used
to obtain g, ,. The iterative procedure is stopped when
Hl —TS,n @ﬁggm,le < e, where © denotes element-
wise division and ¢ is a suitable threshold, or when a fixed
number Nyr of iterations have elapsed. The final vector 7g,
is then used to calculate the average delay 7p ;, the PLR, and
the throughput 3;, as in [13], for the user j € S,. In addition,
from 7t g, we can also extract the probability distribution of the
substate (¢, T), used in [8]-[9] to obtain the delay probability
distribution.

1) Convergence: The convergence of the whole iterative
procedure has been investigated and verified by simulations.
To speed up convergence, we split the iterative procedure into
two subprocedures: the first considers RT and NRT users,
while the second, which concerns BE users, exploits the results
of the first one. Indeed, the performance of RT and NRT users
is independent from the parameters of BE users.

C. Remarks

1) Computational Complexity: In order to assess the com-
putational complexity of the analytical procedure, we estimate
the number of multiplications required in Step 1 and Step 2.
Actually, the total complexity is dominated by the class with
the largest product Ly = (N + 1) (Bg, + 1) (Rs, + 1). For
each iteration, the number of multiplications in Step 1 is
roughly estimated as Nyr1 = 2k7ULg, where kp represents
the number of terms (similar to (16)) that have to be computed.
For our scheduling algorithm, k7 < 14. On the other hand,
the number of multiplications in Step 2 is approximately
N2 = NpyksLy per iteration, where Npjy is the number
of iterations of the power method, and xg is the sparsity index
of f’sg,n, herein defined as the average number of nonzero
elements per row. In most cases, kg is very low with respect
to L. Therefore, the total number of multiplications can be
estimated as

Ny = (Narn + Ny2) Nir = (267U + Npyks)LgNor,
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where Ny is the number of iterations of our two-step iterative
procedure. Hence, the complexity is linear with the number
of users U. Anyway, when U is very large, accurate low-
complexity approximations are possible. For instance, we
can approximate (16) by exploiting the De Moivre-Laplace
Theorem, which leads to

U1< U-1 ) 1 u, U—u—1
> o
U u—+1

u=0

) ()
~ e
270322y (1—y) /1 \1—y

which is accurate when x + y is close to one. Since this
integral admits a closed-form solution, significant complexity
reduction can be achieved. Alternatively, when x < 1, only
the first terms are non-negligible, and therefore the summation
can be safely truncated.

2) Single-Class Case: RT Users Only: On the basis of
the previous results, it is interesting to examine the case of
a single service class, e.g., the RT users, since this class is
more demanding in terms of QoS performance. Clearly, only
one matrix f’sl,n and one vector g, , must be updated
at each iteration, and only RT users must be considered
in Step 1 and Step 2. The transition probabilities are still
expressed by (28) and (29), with the additional constraint
Unrr = 0. The obtained results correspond to those of [33]
which actually neglects the very low probability Pr{uT D=
0} =1— (Urr — V)prxip,-

3) Applicability to Other Scheduling Policies: We remark
that, by the same approach, we can model other memoryless
scheduling policies, by computing equations similar to (17)-
(46). Indeed, although tedious, the computation of the state
probability is straightforward, provided that suitable events
like (17)-(19), (22)-(27) are defined. Therefore, our approach
can also be used for the QoS analysis of other scheduling algo-
rithms. In general, we expect that the accuracy level is higher
for those algorithms that try to minimize the interdependencies
of the user states, in such a way that the approximation (6)
works well.

_G-ua-yn?
20y (1—y) dz7

VI. SIMULATION RESULTS

We assume that the total bandwidth of each user link is
W = 1.08 MHz, with packet length Np = 1080 bits,
and CTI of duration Ty = 2 ms. We use the channel
model of [13] (Rayleigh fading with average SNR = 15
dB and Doppler frequency f; = 10Hz), assuming six states
(N = 5) and choosing the TMs to guarantee a packet-
error rate PER = 0.05 for each TM, as in [13]. We con-
sider Poisson arrival processes, with packet arrival probability
Pojetn = ()\Sgln)ae*)‘sgl"/a!, a>0,j5€8, 9=1{1,2,3},
whejre ASQ is the mean arrival rate, and a is the number of
packets arriving in the ith CTI to a certain user j € 9,
during a single slot of duration I, = T/ K . To quan-
tify the throughput, we introduce the ideal total rate (ITR),
defined as Kpyax (U) = Zgzop{nMAXU:n}Kn, where
nMAXy = arg max {cu}s and pruarax,—ny rep-

uESRTUSNRTUSBE
resents the probability of the user with the best instantaneous

SNR to be in the TMn state. The value of py,arax,=ny 1S
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Fig. 3. Buffer occupancy and retransmission distributions for Urr = 20,

Ungrr =10 and Ugg = 20.

obtained as the stationary state probability associated with the
best-user-channel matrix P(CMAX) (defined similarly to P,
and derived in Appendix G of [30]). Basically, the ITR is the
maximum aggregate rate, achieved by scheduling the user with
the maximum rate in each CTI. In the SU case, the ITR is the
average rate for infinite buffer length and no delay constraints,
expressed by Kyrax (1) = Zi:;o P{er=n}Kn ~ 4.9 packets
per CTI (2.65 Mb/sec), while in the MU case the ITR increases
thanks to the MU diversity, up to Kpax (00) = Ky = 9
packets per CTI (4.87 Mb/sec). The arrival rate A\; = Ag, is
chosen as A\s, = agKyax (U)/(UyTy), where ay € [0,1)
quantifies the traffic intensity for each service class g with
respect to the ITR. Clearly, by defining A = Z g=1 Qg the
sum of the three intensities, A = 1 represents an unreachable
limit for any scheduling policy in a practical system with
finite buffer length. The chosen buffer lengths are Brr = 10,
Byrr = 30, and Bpg = 25. Although the buffer lengths of
NRT and BE users are quite small with respect to practical
applications, the probability of higher buffer occupancies is
rather small, at least for practical traffic loads such as those
herein considered. Hence, short buffers do not affect the model
accuracy, and reduce complexity by avoiding unmanageable
matrices PSQ. The maximum numbers of retransmissions are
Rrr =1, Rvpr = 2, and Rpg = 1. As a consequence, the
square matrices 1551, 1552, and 1553 have sizes 264, 1116, and
624, respectively. In the iterative procedure, we fix Ny = 100
and e = 1073,

Fig. 3 illustrates the probability distribution of the buffer
occupancy qj( ?) and of the number of retransmissions rj( ) for
RT and NRT users, when Urr = 20, Uygpr = 10, and
Upr = 20. The traffic loads a; = 0.167, as = 0.222,
and as = 0.167, corresponding to A = (.55, cause a very
low transmission probability for BE users, making their QoS
performance not significant. Indeed, the probability that no
RT (and NRT) users have a packet to transmit is negligible,
such that BE users are not able to transmit their packets and
their buffers saturate. Moreover, Fig. 3 shows a very good
agreement between simulated and analytical probabilities for
both buffer occupancies and retransmissions. Notably, both RT
and NRT users have very small probabilities of high buffer
occupancies. For RT users, this reduces the average delay,
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which is proportional to the average buffer occupancy, while
for NRT users, this limits the PLR due to the low probability
of exceeding Ry g7 retransmissions. Besides, Fig. 3 justifies
the choice of a short buffer also for NRT users.

In Fig. 4, we have investigated the validity of the in-
dependence assumption (6) with ad hoc simulations on the
probability distribution of buffer occupancy, which is critical
in the model derivation and in the QoS performance assess-
ment. Our aim is to identify the cases when the independence
approximation is not accurate. To this end, we monitor when
the buffer occupancies of different users are correlated. We
define the average crosscorrelation coefficient between the
buffer occupancies of different users, as

oy ¥ Pl

1€Sy JESy,jFi

E{(q — i —
Pgk = Z Z { - aqak()]( Uy, uk)}7

€Sy jESk,k#g

(47)

where y, = E{qi}, 0y = \/E{q}} —p2, i € S,. Fig. 4

displays the average crosscorrelation coefficient pg as a
function of the aggregate traffic load A (o, is assumed equal
for all the three classes). It is clear that |ps3| is significantly
greater than 0.1, while in the other cases |pgx| is always
lower than 0.1. Therefore, the buffer occupancies of BE users
are correlated and hence dependent: this happens because,
for high traffic loads, the buffers of BE users saturate and
hence their occupancies are correlated towards the unit value.
On the contrary, in the other cases, the buffer occupancies
are uncorrelated. Although uncorrelatedness does not imply
independence, the good accuracy obtained for RT and NRT
users in the other simulations suggest that the approximation
error due to the independence assumption (6) is negligible,
even for high traffic loads.

Fig. 5 exhibits the average delay and the PLR for RT and
NRT users as a function of Ugr when Unygr = 10 and
Upr = 20. The delay of RT users, which increases linearly
with Ugrr, is much lower than for NRT users and than the
maximum delay § = 200 ms defined for WiMAX [18]. The
PLR of BE users is not significant, being close to one. The
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model accuracy is confirmed even when the PLR of NRT users
is very low. Anyway, for both RT and NRT users, the PLR
is lower than the maximum PLR defined for WiMAX (0.01
for RT and 0.001 for NRT) [18]. For these moderately high
traffic loads, the accuracy is very good. However, for very high
traffic loads, when many buffers are close to the saturation,
the independence assumption is less accurate. Nevertheless,
higher accuracies are generally obtained for higher numbers
of users. Noteworthy, the complexity of the proposed analyt-
ical framework does not increase with the number of users,
when De Moivre-Laplace calculations are involved. Therefore,
differently from [8], [9] and [25], this work is best suited to
analytically handle many users.

In Figs. 3-5, due to the high traffic loads for RT and NRT
users, the probability that a BE user is scheduled is very low,
so that the QoS parameters for BE users are not significant.
In Fig. 6, we focus on BE users, and hence we choose o1 =
az = 0.05 and as = 0.4, assuming Urr = 20, Upg = 20,
and variable Uy 7. This way, BE users are scheduled quite
often. Fig. 6 plots (in a logarithmic scale) the average packet
delay for RT, NRT, and BE users. Clearly, in Fig. 6 the average
delay for BE users is much higher than for RT and NRT users,
and is quite sensitive to Unprr. Fig. 6 also demonstrates a
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slight worse model accuracy with respect to the previous cases.
Anyway, the presented model is still useful to predict the QoS
performance of heterogeneous users.

Fig. 7 and Fig. 8 compare our proposed scheduler with [25],
denoted with LWG. To simplify the comparison, we focus
on the single-class case, where all users are RT. Fig. 7 and
Fig. 8 plot the average delay and the throughput experienced
by U = 40 RT users, for A = 0.75 and A = 0.5, as a
function of the time deadline, i.e., the temporal parameter of
[25] discussed in Section III. We observe that a longer deadline
reduces the average delay of [25], which however exceeds the
average delay obtained with our algorithm, even for a deadline
greater than the maximum tolerable delay for voice systems
(6 = 200 ms). Moreover, our algorithm yields an increased
throughput for A = 0.75, because we favor users with full
buffer and therefore we reduce the packet losses.

Finally, we compare our proposed scheduler with the LCQ
algorithm of [21]. Similarly to the previous case, we focus
on a single class with RT users. The LCQ scheduler assigns
transmission to the user with higher buffer occupancy, among
the users whose channel state is not OFF, and is delay-
optimal in scenarios with two TMs (ON/OFF) [21]. In order
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to use the LCQ algorithm in our multiple-TM scenario, we
associate the OFF mode with the TMO, and the ON mode
to the TM defined by the actual channel state. Therefore,
we allow the LCQ algorithm to transmit multiple packets
for each CTI. Fig. 9 and Fig. 10 plot the average delay and
the throughput, respectively, for A = 0.75, A = 0.67, and
A = 0.5, as a function of the number of users. Fig. 9 shows
that the proposed scheduling policy produces a lower average
packet delay with respect to LCQ, for all values of the traffic
load A. Indeed, differently from LCQ, the proposed scheduler
takes its decision depending on the value of the channel rate
K.. In practice, using our scheduler policy, usually more
packets are transmitted, and this helps in reducing the buffer
queues. As a result, the average delay is reduced too. Fig. 10
shows that the two schedulers produce similar throughput
performances: LCQ achieves a slightly higher throughput for
low traffic loads, while the proposed scheduling policy has
better performance for high traffic loads. Actually, by changing
the association of the ON/OFF states with our TMs, we may
reduce also the average packet delay of LCQ, with a penalty
in terms of throughput.
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VII. CONCLUSIONS

We have presented a useful framework to characterize
the theoretical QoS performance of memoryless scheduling
policies for multi-user, multi-class wireless systems that com-
bine AMC and ARQ in a cross-layer fashion. The proposed
framework is able to accurately assess the PLR, the average
delay, and the throughput, for a heuristic scheduling algorithm
that produces a good throughput performance and a reduced
average delay. The validity of the introduced approximations
has been assessed by simulations, which have confirmed
the good accuracy of the QoS parameters estimation, with
a significantly reduced computational time with respect to
extensive simulations. The proposed analytical framework
can be adapted to other memoryless scheduling algorithms
based on channel quality states, buffer occupancy states, and
retransmission number states. As a possible future work, our
framework, which is based on time-slot contention, could be
extended to include frequency-slot contention policies.
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