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Theoretical Analysis and Performance of OFDM
Signals in Nonlinear AWGN Channels
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Abstract—Orthogonal  frequency-division  multiplexing second acts on the envelope of the complex signal. A/D distor-
(OFDM) baseband signals may be modeled by complex Gaussiantions, called Cartesian clipping, belong to the first class, while
processes with Rayleigh envelope distribution and uniform phase AM/AM (amplitude distortion which depends on the amplitude

distribution, if the number of carriers is sufficiently large. The - . - .
output correlation function of instantaneous nonlinear amplifiers of the input) and AM/PM (phase distortion which depends on

and the signal-to-distortion ratio can be derived and expressed the amplitude of the input) introduced by power amplifiers be-
in an easy way. As a consequence, the output spectrum and thelong to the second class.

bit-error rate (BER) performance of OFDM systems in nonlinear In the following sections, we will concentrate our analysis

additive white Gaussian noise channgls are p_redlctable both_ for on nonlinear distortions introduced by power amplifiers on
uncompensated amplitude modulation/amplitude modulation

(AM/AM) and amplitude modulation/pulse modulation (AM/PM) Gaussian signals, .in order 'Fo obtain an analyticall expression of
distortions and for ideal predistortion. The aim of this work is  the output correlation function for envelope nonlinear devices.

to obtain the analytical expressions for the output correlation By using the Fourier transformation, the output correlation
function of a nonlinear device and for the BER performance. function can provide information on the output power spectral
The results in closed-f_orm solutions are der_lved for AM/AM and density (PSD), and at the same time, it allows the analytical
AM/PM curves approximated by Bessel series expansion and for . . . . .
the ideal predistortion case. ca}lculatlon. qf the o.utput signal-to-nonlinear noise ratio. !n
this way, it is possible to evaluate the system degradation
both for adjacent channel spectral regrowth and bit-error rate
(BER) performance in additive white Gaussian noise (AWGN)
channels.
|. INTRODUCTION Original results will be shown for AM/AM and AM/PM non-
linearities expressed by Bessel series expansion and for the en-

DSL (asymmetric digital subscriber line) [1], DAB (dig- S . . . .
ital audio broadcasting) [2], and DVB-T (digital videoYeIOpe clipping, which represents the ideal precorrection situa-

broadcasting-terrestrial) [3] are emerging telecommunicatié'ﬁn' I:ishworth b(ta)aring(ijn r|n|(;1d thatthe relsults holdforanyinput.
systems that make use of the orthogonal frequency-divisiSWna that can be modeled as a complex zero-mean Gaussian
multiplexing (OFDM) technique. The OFDM signal, carried? 0C€SS (e.g. downlink signals for multiuser CDMA systems).

by a large number of carriers, is very sensitive to nonlinear
distortions because of its greatly variable envelope, which II. THEORETICAL BACKGROUND
depends on the instantaneous phase value of each carrier. Due
to the central limit theorem, the complex baseband OFDM The statistical properties of signals that pass through non-
signal can be modeled (for a high number of independen“?ear devices have been widely investigated in the past [4]-[11].
modulated carriers) like a complex Gaussian process with!n [8]. the signal-to-noise ratio (SNR) at the output of real
Rayleigh envelope distribution. This allows the analyticdlonlinear devices is derived by making use of the Bussgang
treatment of nonlinear OFDM systems making use of the moifgeorem. The Bussgang theorem for real functions [12] gives
general results for nonlinear distortions of Gaussian signals.the separateness of a nonlinear output as the sum of a useful at-
Analog-to-digital (A/D) converters, mixers, and power amplitenuated input replica and an uncorrelated nonlinear distortion,
fiers are usually the major sources of nonlinear distortions dueg¥Pressed by
the limited range that they allow for signal dynamics. It is pos-
sible to distinguish between two different classes of nonlinear sa(t) = su(t) + na(t) = a - s(t) + nalt) 1)
distortions: the first, hereafter named Cartesian, acts separately
on the baseband components of the complex signal, while the
with s(¢) being the input signal ang,(¢) andn4(t), respec-
tively, the useful and distorted part of the output sigagl).

_ The same conclusions can be extended to complex nonlinear
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4011 this paper, we employ the direct method, based on the classical
s(t) s4(1) si(t) o L : X )
(.0)=h(r)eo*40) D ool DFT [ definition of the output correlation function, by which (see Ap-
g \f ; Al ‘é pendix I) itis possible to prove for anf(r) nonlinear distortion
s=r(t) PO f{r)=h(r)e* — zln) function that expression (2) can be reduced to
n(t) Receiver oo R (T) 2n+1
. . L. desd(’r) it Z Cp 2
Fig. 1. Nonlinear device in AWGN channels. ot 202
. o &%) RSS(T) 2n+1
¢(r), respectively, represent the AM/AM and the AM/PM non- = 2—2R55(7’) + Z Cn, [ 52 } (6)
linearity, while g[] is the nonlinear input—output relationship, (202) n=1 7
as pointed out in Fig. 1. with c,expressed by
11
sa(t) = g[s(t)] ' =% n +1
= g[T(t)e]e(t)] .2 5 2
; . Nt g [ .
. 6 1 . C— - L d 7
— h[r(D)] - CJ’[ (O +alr®)]] /D " Fr)—5c n <202> T (7)
= f[r(®)] - V. )

whereD(r) = {r: 0 < » < oo} is the domain of integration

, andLﬁf) is the Laguerre function expressed b
The complex version of the Bussghang theorem allows ex- () g P Y

pressing the output correlation function by (3). L(k)(x) _ xhe" < d )n (" . o). 8)

n! dx
RSSTZQQ'RSST+RNN T)- 3 . . . . .
asa(7) = o (™) ana(T) ®) Expressions (6) and (7) were also derived in [5] in relation to
The complexa attenuation coefficient of the useful compothe decomposition of nonlinear outputs as sum of uncorrelated

nent is given by terms. The application of (6) and (7) to nonlinear distortion of
Rs,5(0) an OFDM signal proposed in this paper is new, as well as the
o= Rd—O closed form solution of the integral in (7) when the nonlinear
Si( ) distortionf(r) is expressed by Bessel series expansion or when
- M it is reduced to the soft-limiting of the signal envelope.
20? It is noteworthy that expression (6) represents the expansion
— E{f(r)r} of expression (3), witheg/202 equal to the|a|? attenuation
207 o of the useful signal power and the series representing the cor-
- 2% / ) -r-p(r) dr (4) relgtion funct.ioandnd(T) for the nonli_near disto.rtion noise.
7% Jo This expression has a simple physical interpretation. In fact, the

WhereRSdS(T) denotes the Comp|ex input_output Cross-corrg_ourier transform of theth term in the series represents the part
lation function, f(r) represents the nonlinear distorting funcof the output PSD¥;,,,, (v) obtained by &2n + 1)th convolu- -
tion, 20 the input signal powep(r) the Rayleigh probability fuo_n of the input PSD with itself, as in the case of a det_ermln-
density function (pdf) of the input envelope, afi-} the sta- IStC signal spectrum at the output of an odd nonlinearity, and
tistical expectation operator. expressed by

I.t is thu_s possible to compgte the output signal-to-nonlinear Sy 0y (v) =FT{R,,,, (1)}
noise ratio as the power ratio between the two uncorrelated

output components by the following expression: = O‘QSSS(”) + Snom;o(v)
Co Cn,
|Oé|2 . RSS(O) : [SSS(U) Q1 ®2n+1 SSS (U)] (9)
R, ,:,(0) — |af? - Rss(0) whereEF'T{-} is the Fourier transform operator andhe fre-
_ |a|? - 202 ) quency variable.
Ry y5,(0) — | - 207

) ) ) I1l. OFDM PERFORMANCE INNONLINEAR AWGN CHANNEL
However, (5) is not the correct expression of the signal-to-

nonlinear noise ratio that degrades the system performance, be-ne uncoded system performance in AWGN channels is gen-
cause the nonlinear distortion noisg(t) is distributed over a erally expressed by

wider bandwidth than the signa(t). Moreover, this approach SER = P...(SNR) (10)
does not permit derivation of the output correlation function and ) _ _ ) o

the PSD for the output signal. Different approaches may be usgere SNR is the signal-to-noise ratio at the receiver input. The
to compute the output correlation function for nonlinear distoBNR is related to thé, /N, ratio by the following expression:
tions of Gaussian input signals, including the direct method, By

the transform method, or the derivative method [10], [11]. In SNR = npi - No 11)
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s(t) as(t) syt ) same way as the Gaussian noise tegyik] obtained by DFT
. () , of the thermal Gaussian noise of the receiver [14]. As a conse-
alfnl Receiver quence, the system performance of an OFDM system can be de-
‘ 04 rived, making use of the same relation used for AWGN channels

with the attention of redefining the effective SNR at the receiver
input taking into account the nonlinear distortion noise contri-
Fig. 2. Equivalent nonlinear AWGN channels for Gaussian signal. bution. Th(—_: nonlinear distortion noise is uncorrel_ated with the

thermal noise; they can be added in power to estimate the BER
e performance by (10).

f(r)=h(r)eit® n(t)

where E), is the energy per bit in a symbol periody,, is th
PSD of a white Gaussian noise amgl; are the bits per symbol P, [k] = E{e,[k] - ¢} [k]}
transmitted. The complex baseband samples of an OFDM signal k

transmitted during an OFDM symbol durati@® = LgT, is = Lact - Snn <Tb>

expressed by (12) [13] wherdk] = ak + jbi represents the

unmodulated complex information symbols, = /T, the =Lact - Shyng <%> + Lact - Snyn, <T£> . (15)
angular frequency of théth carrier, andL; the number of b b
carriers. It is easy to show (see Appendix IV), by means of (14) that
the noise power tern¥.  [k] and the useful power tert, [k]
s[m] = s(mT;) are expressed, for each carrier, by (15) and (16).
Ly —1
=3 2kl m=0,- Ly — 1. (12) P, [k] = |af2-E{z[k]- 2" [k]} = |a|? Lact - Se <%> (16)
k=0 b

The symbols:[k] transmitted over each carrier are mappef€réSnun,(v), Sn,.n,(v), andS,;(v) represent the PSD of
on a complex domain (M-QAM, M-DPSK, M-FSK) which isthe corresponding signald,,.. represents the number of the
imposed by the application (DAB, DVB-T, WLAN, ADSL, etc). switched-on carr_iers within the_ totaLﬂt_carriers and Lg; —

The complex signal received through the nonlinear AWGHact) are the switched-off carriers which represent the guard

channel represented in Fig. 2 is expressed by band of the OFDM system. The two powers expressed by (15)
and (16), respectively, represent the sampling orkthearrier
sp(t) = sq(t) + n.(t) position of the PSD of the noise terms(¢) andn4(t) and of
=5,(t) +na(t) + n.(t) the useful terms(¢) in (13).
— - s(t) + nalt) + n.(t) (13) From the above consideration, it should be clear that the BER

performance of thé&th subchannel associated to thin car-
The symbols received on thigh carrier are expressed, afterier of the OFDM signal depends both on the nonlinear distor-

the discrete Fourier transform (DFT) processing, by tion noise and on the thermal noise. The SNR at the receiver
Lito1 fpr the kth carrier, afte_r the FFT processin_g, is generally de-
k] = Z sp(15) . =32/ L ymk fined as the power ratio between the received sigi¥d and
= the thermal noise..[%]. This SNR will be named "apparent"” in
Ler—1 the following because it is not the only one that influences the

=a- z[k] + Z [na(mTy) + ny.(mT,)] - ¢~ G/ L )mk performance. It is, howeve_r, the measurab_le one at the_ receiver
ooy and consequently the one in respect of which the BER is gener-

=a - z[k] + en,[k] + en, [K] ally sketche_d and the one that is imposed in _the simulations.

— o 2[K] + enlk]. (14) (SNR); is the (_eﬁegtlve SNR that estgbhshes_ the_perfor-

mance at the receiver in presence of nonlinear distortions, and
The az[k] term in (14) is the useful one (i.e., the undistorted is defined as the power ratio between the useful signgi]

data) when the phase of the&complex coefficient is opportunely and the total noise, [£], after the FFT processing. (SNR)is

compensated at the receiver. This common phase rotation intfee power ratio at the receiver in absence of the thermal noise,

duced on the constellation of each carrier by the AM/PM cunand it is defined as the power ratio between the useful signal

(through thea coefficient) is not influent in DAB systems be- z,[k] and the nonlinear noisg,;[k]. The above quantities are

cause they make use of a differential phase modulatiorriike expressed in the (17)—(19) for the genekit carrier of the

shifted-DQPSK. The,, , [k] ande,, [k] terms, obtained by DFT OFDM system.

of the distortion noise contributiom,(mZ, ) and of the AWGN . [k]

contributionn,.(mT} ), are two uncorrelated noise contributions [(SNR)wmi]r = P g 4]

that distort the received symbols. Thg, [£] contribution is ob- o

tained by linear combination of samples of a stationary process. = W—P‘[H

It can be modeled as a complex Gaussian process, because of Feou[H]

the central limit theorem, if the number of the distortion errors S <£>
that occurs in the time-domain during tfig duration of each . @& "7\

=90 _ A0/ 17
OFDM symbol is high enough. In this sense, the[k] distor- 202 g < k ) (7

tion affects the constellation mapped over each carrier, in the
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Py, [K] of the f(r) function for the power amplifier that introduces
[(SNR)applr = P[] nonlinear distortions, as expressed in (22) or (B.1)
_ Py, [];3] + [1:?14[/%] F(r) =h(r)el*®)
L
nr B (2m—Lm
Ssdsd ﬁ B Z bnl,]l < Rmax !
Tb m=0
— N 77 L
N vy
0 . =3 bk (/xm, v)%r) (22)
|Oé|2555 <T> +Sndnd <T> m=0
= : ~ : (18) with h(r) and¢(r), respectively, the AM/AM and the AM/PM
0 distortion curves. Thé,, coefficients can be derived by fitting
procedures on the measured data [16]. Yterm in (22) is the
P, [¥] input-backoff and represents the ratio between the input satu-
[(SNR)eq]r = P+ P H ration power and the input mean power as expressed by (23),
P (k] whereA is the input amplitude of the maximum amplifier output
= ~ o2 is the signal input power.
P+ B[] power an
_Tuwt J  wnmdb J P
(SNR)py T Lonel¥] _A (23)
_ _ 2"
= {[(SNR)app]k L+ [1+ [(SNR)app)y 1] H . b 20 db 5 22)in (7)
) 191 The ¢,, coefficients are obtained by substituting in (7
[(SNE)ni], } ) (19) and are expressed by (24).
P, and S, are used to indicate respectively the power and the 1
PSD of the X’ signal. The calculation of the above quantit§™ = nl(n +1)!
depends on th¢(r) nonlinearity by (6) and (7). I _— 2
The uncoded error probability of (10) can be derived for a 1S b {/3(77% ’7)} - o=1Bm )2 (24)
DAB system bearing in mind that the symbol-error rate (SER) = " 2
for a single-carrierv/4 Sshifted-DQPSK mapping in the AWGN . ) .
channel is expressed by [21] Thee, coefficients depend on th&r) nonlinearity, through
the b,,, coefficients of the Bessel expansion (22), and onythe
SER = QM (a,b) — 0.5 - In(a - b) - e 0-5:(a*+0%) input-backoff, through thé&(m, ) coefficients (see Appendix
’ 20 ok I). The Bessel series expansion of the complex nonlinear char-
Q(a,b) =c—05-(a® +b") + > (—) Ii(ab) acteristic of a power amplifier allows to correctly represent al-
k=0 b most any kind of amplifier, by using an appropriate number of

— /(1 -v05-SNR b, coefficients to make the fitting error as low as possible. The
a=1y/( - Saleh model [19] is another typical representation of the com-
b= \/(1 + m) .SNR. (20) plex nonlinear function of a power amplifier. This model has
gained a lot of popularity because it represents the complex non-
Wherng,ll)(a, b) is the first-order Marcum function arl () is linear function by an easier analytical notation as expressed by
the kth-order modified Bessel function. In multicarrier systemgzs)

like DAB, the mean BER for all the carriers is obtained by anr apr?
hr) = +——, Hr)=—7—= (25)
SER, 1 Lyata 1= [3h7 1 —+ [3457
BER = i 2 - Lants Z (SER)z O equivalently
k=1
. Y = B(eI e — ST QT
which represents the average of the BER values calculated on F(r) = h(r)e'™ = 1+ 3,72 1582 (26)

Lyata, the carriers (withL gats Lo L which are - .
dat _ ( data < ¢ < L)) . . where only four coefficients are needed to fit the complex non-
used to transmit data. The values of (SER)r each carrier, in . . o R
linear function of the amplifier by minimizing the root-mean-

presence of nonlinear distortions, is calculated by (20), makin

use of (19) to express the effective SNR that establishes ﬁ?euare error. Compared tothe Bessel series expansion, the Saleh
maodel can be applied to a narrower class of amplifiers, charac-
system performance.

terized by regular shapes of the AM/AM and AM/PM curves
like the ones of typical TWT's (traveling waves tubes). Never-
theless, the approach presented in this paper does not depend

In this section, we are interested in obtaining an easibn the amplifier model. As a consequence, if the Saleh model
manageable expression for thecoefficients of (7) whery(r) is used to represent the amplifier, thecoefficients can be de-
represents the nonlinear distortion introduced by an instantared by substituting (25) or (26) in (7). Unfortunately, an ana-
neous power amplifier with and without ideal predistortion. Thigtical solution of such integral is not available at this moment,
Bessel series expansion is a typical representation [15]-[E8]d consequently it must be numerically evaluated.

IV. NONLINEAR AMPLIFIERS AND IDEAL PREDISTORTION
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Otherwise, f(r) is reduced to a real function expressed by

(27) if the RF amplifier is ideally predistorted

IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 48, NO. 3, MARCH 2000

TABLE |
FIRSTVALUES OF THERECURSIVE COEFFICIENTS

T r<A d;n i=0 i=1 i=2
r=nn={5 7% @) ’
A, 7> A n=2 —1 0 0
In fact, the AM/PM can be completely cancelled by an ideal n=3 -i L 0
predistorter, while the AM/AM can only be inverted as far as 125 % J
the saturation power. In this case, the ideally predistorted am- n=4 2 4 2
plifier exhibits a residual AM/AM that acts as a soft-limiter
on the input envelope [16]. In this situation, it is possible to 14
express the:,, coefficients by means of an exact expression,
through the following relations [(28)] (see Appendix III) where 12
erfc(x) is the complementary error function, thakeidc(z) =
1—(2/ym) [T e ¥ dt. 1 e S e e
2
_ 1 /
co =207 - {1 —e 7+ §~/7r - erfc(ﬁ)} @0'8 /
=
2
1 1 1 0.6 X ......... -
=g [57 eV Zm . erfc(ﬁ):| / Measured Data
n—2 0.4 —— Bessel Fitted Data |-
o = 1 (2n)! _ Z di pyitL | ye 7/
"ol n 4 D)\ 22np! prd e 02 /
2 ,’J
(2n)! . 9 0
+ Sy, VY €T clvy)| » n=2--,00. 0 02 04 06 08 1 12 14 16 18 2
(28) @ R
a,
The coefficients in (28) are recursively obtained by (29) (see 5
Appendix I11)
!
{po,nz—(”; i3 i=0 TN
Pin = Pi—1p—1 7+ (n+ 1)pi7n_1, i=1,---,n—2 j’ \ X Measured Data
1 {(n—l—l)! (2n)! J , 7 ¥ \\ — Bessel Fitted Data
qon = 3 - ) i=0 & %
’ 3 2 22n—1 . pt & §
1 g 10
Qin:_(pin_zqi—ln)v L:]-v 771_2 é i \
? 3 ? ? e
1 n—2 7 i -15
. —_ _1Yy™ P
G =3 3 apn |3 (1) (m) mr|
p= m=1 220 N v = S
i=0,-,n—2. (29) \
The first values of the; ,, coefficient in (29) are outlined in 25
Table 1. 0 02 04 06 08 1 12 14 16 18 2
R

V. SIMULATION RESULTS (b)

The performance comparison between analytical results afgl3. Measured (a) AM/AM and (b) AM/PM representation by Bessel series
computer simulation is demonstrated in this section, as a c@rpansion.
firmation of the analytical approach. The DAB system has been
chosen as a reference, but the conclusions are extensible tolgdogk shows a quasi-rectangular PSD without significant power
OFDM system as long as thgy; size is large enough to satisfycontribution in the guard-band region. The PSD obtained in this
the Gaussian signal assumption. The DAB, as with most OFDMay is not comparable with the one measured by a spectrum an-
systems, uses a cyclic extension of the inverse fast Fourier traalyzer in a real system, because it does not take into account the
form output in order to compensate for multipath at the rgphase discontinuities between adjacent OFDM blocks, which
ceiver. This aspect is not considered in our analysis estimaticause the spread of the PSD in the adjacent guard-bands. More-
the OFDM PSD because it does not impact on the system pever, the PSD measured by a spectrum analyzer strongly de-
formance in nonlinear AWGN channels. In the simulation agends on the used video bandwidth, resolution bandwidth, and
proach, the PSD was estimated, by means of periodogramyaeo averaging. However, it is possible to compare the real
the average of the PSD (calculated by DFT) of each interpmeasurement with analytical results obtained by the proposed
lated (by four) OFDM block. As a consequence, each OFDRpproach, by substituting the PSD measured in linear conditions
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Fig. 4. DAB performance with AM/AM—AM/PM nonlinearities.

at the right-hand side of (9) or, equivalently, substituting its imnhate the output-backoff (obo) for a meaningful comparison of

verse Fourier transform into (6). the predistorted and nonpredistorted conditions. The obo is de-
The DAB signal in the Mode | operating conditigiig, = fined as the ratio between the maximum and the mean output

2048) [2] is formed by 2048—length blocks characterized bpower. It generally depends on both thealue and on th¢(r)

1 msec of duration (without the cyclic prefix), whose valuegonlinear distortion, as expressed by

have been oversampled four times in order to obtain an ad- obo — Pout, Max — Fly. f(r)]. (30)

equate signal representation in a nonlinear environment. The Py

signal envelope of each interpolated block has been distortedn the ideal predistortion case, the above expression becomes
during simulation by the curves (27) and (22) that represent t{Z9]
AM/AM-AM/PM distorting amplifier with and without ideal
predistortion, respectively.

Both the BER degradation and the spectral regrowth haveA performance comparison between the predistorted and
been evaluated for different (input-backoff). Eighty OFDM nonpredistorted conditions is beyond the scope of this paper,
blocks have been used to estimate the PSD by simulation,a§well as considerations about the optimum criterion to fix the
the way previously explained. Fig. 3 shows the AM/AM andbo in an OFDM system, and it will be the subject of future
AM/PM curves fitted by (22) using teh,, coefficients while works.
the corresponding obtained results are shown in Fig. 4. Both theHowever, an optimum agreement between simulated and an-
PSD regrowth and the corresponding uncoded BER degradatiytical results is outlined by Figs. 4 and 5 both for the nonpre-
are outlined by using (9) and (21), respectively. distorted and ideally predistorted amplifier when the obo is not

Fig. 5 shows the same results when we take into account tbe high (i.e.pbo < (9/10) dB). For higher obo values, the es-
ideal predistortion condition expressed by (27). All the analytimated PSD upper-bounds the simulated one. This fact can be
ical expressions used to obtain the system performance depexplained because OFDM signals are not exactly Gaussian dis-
on the input-backoffy) value. However, it is important to esti- tributed, and their envelope is not perfectly Rayleigh distributed.

obo=v-(1—-¢"7). (31)
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Fig. 5. DAB performance with ideal predistortion.

In particular, the maximum envelope will never be infinitetify to the correctness of the analytical derivation of theco-
and the accuracy of approximating the pdf with a Rayleigh funefficients for the output correlation function (6), while the BER
tion is lower for high envelope values. For a certain nonlineaesults testify to the correctness of the proposed model for non-
distortion f (), the increase of thevalue means the reductionlinear AWGN channels.
of theo standard deviation of the Gaussian input [see (23)], andSimilar considerations can moreover be extended to non-
as a consequence, the input signal is compressed in the lolezar fading channels when the equalization technique at the
region of thef(r) curve. receiver is considered [16]. Finally, Fig. 6 shows the baseband

Power amplifiers are usually characterized (especially Clagstput PSD for a 2000—carrier OFDM system in linearized
A amplifiers) by f(r) curves that are quasi-linear for low inputenvironment. Each term’s contribution of (6) to the signal
values and that localize the distortions in the higher power zorspectral re-growth is outlined for two differesfio values.
As a consequence, for highvalues, the nonlinear distortions
occur prevalently in correspondence of input envelopes that be-
long to the right end part of the OFDM pdf where the Rayleigh
approximation does not hold anymore. This implies that the We have reviewed the analytical background for expressing
¢, coefficient evaluation by (7) is not exact and the resultindpe output correlation function for complex Gaussian signals
PSD does not agree with the simulated one wherytradue is distorted by envelope dependent nonlinearities. Original results
too high. The approximation error is reduced if thg, carrier for AM/AM and AM/PM nonlinearities represented by Bessel
number becomes higher, and consequently, the OFDM signas&ies expansion have been derived. Original results are also
better approximated by a Gaussian pdf. An ideally predistortedtlined for the envelope clipping phenomenon which may be
amplifier distorts the signal only for the high input powers aftesompared with the known results for the cartesian clipping [10],
the saturation zone and, as a consequence, is more sensitij@3p-[25]. The envelope clipping is particularly interesting
the inadequate analytical representation for high input-backdfiecause it represents the ideal predistortion of the AM/AM and
For practicaly values below 9 dB, however, the PSD results te&sM/PM nonlinearities introduced by high power amplifiers.

VI. CONCLUSIONS
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Fig. 6. Spectral components of an envelope clipped OFDM signal. (a) Ideal predistorticarfiers = 2000y = 6 dB; obo = 6.08 dB. (b) Ideal predistortion:
Ne¢ carriers = 2000y = 3 dB; obo = 3.63 dB.

These results have been used to propose a model for the armase on the equalizer performance must be taken into account,
lytical performance evaluation of OFDM systems in nonlineand this will be the subject of future work.

AWGN channels. Computer simulations have validated both

the proposed model and the analytical derivations. This ap-

proach constitutes a generalization and an improvement of the APPENDIX A

semianalytical approach already known in the literature [14]. OUTPUT CORRELATION FUNCTION FOR NONLINEAR
The computer calculation time to predict the OFDM system DISTORTIONS THAT DEPEND ON COMPLEX
performance has been dramatically reduced. The proposed GAUSSIAN SIGNAL ENVELOPE

approach can also be extended to nonlinear fading channelgyenote
in order to outline the OFDM system performance in realistic
environments. In this case, the effects of the nonlinear distortion s(t) = x(t) + jy(t) = r(¢t) - exp[jo(t)] (A1)
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a complex stationary Gaussian process with equal distributedWith some manipulations, substituting (A.8) and (A.3) into
zero-mean, independent) andy(t) components. Under these(A.10), it is straightforward to obtain
defined hypotheses

1 =xz(t), z2=z(+7) R..(7) = a(272r / Fr(r) f(rayrie (/@ pyem (/o)
n=y@), p=ylt+7) (A2) D(r1,r2)
the joint pdf is expressed by _ </27T/27T cos(6 — )
p(371737272117312)
:p(xl’mi (Y1, y2) - e(T2emre/e) cos(b1=62) g, d92> dry dro (A.11)

(2m)204(1 2— p? . with a = 202(1 _ p2)-
- exp <— (e1+un) + (234ws) = Zp(”clx?ﬂ/ly?)) The double integral in (A.11) is computable by modified

202(1 = p?) Bessel functions to obtain
(A.3) .

% "1 7T _ ,’,2 ,’,2 0_2 _ 52
with the autocorrelation coefficieptand the input powe2o?, R..(7) = // fir)f(ra) - ﬁe (ritra)/20°0=7")
respectively, expressed by D(r1,ra)

Rao(7) LT
p=— v [ﬁ} dry drs  (A12)
_ E{.’L’l.’rg}
T E{z?} wherel; (-) is the modified Bessel function of the first order and
202 = R, (0) first kind.
° Making use of the Laguerre polynomial series expansion [22,
— 2R, (0) (A.4) g g poly p [

eq. (5.11.3. 7)] expressed by (A.13)
with E{zy} the statistical expectation 1 LW L < )
2 2

BElzy} = // xy - p(x,y) dx dy. (A.5)

0n+1 Ln 22 Ln

. . o L e= P (i415)/(=p)20° priTo
The input correlation function is by definition expressed by = ( 2. 2D 1 {02(1 pQ)} (A.13)
_ 1-p%) - p5=
Ros(7) = E{S*(t)s(t 7} and substituting it into (A2f2) the expression of the output cor-
= E{sis2} relation functlon becomes (A.14).
= B{(z1 = jy) (w2 + je)} R = 5 [ [ Fese )L TS )20
= [Raa(7) +Ryy (T)]45[Bay (7) — Rya(7)]. (A.6) T2 B ) 0% o
The above expression, for a complex procegs with e
. . . 2
equally distributed and independent real components, becomes [ P e < ) L(l) < )] dry drsy.
Roo(7) = 2+ Ryu(7). (A7) ot 20° 20°

If f(r) represents the complex nonlinear distortion function, _ _ ) ) (A.14)
which only depends on the input envelope s¢t), then the The double integral in (A.14) is separable in respeet tand

output distorted signal is expressed by 7o t0 obtain the general expression (A.15).
salt) = glstt)] = glr)e ") = @) -0 (A8 Ly 1y 1
Based on the above definitions, the output correlation func- - 20? =+l

tion is given by 5 9 2
(s 2 2 (s
Rosou = Bs3(0)salt + 7)) e (=
_E 101) ( 102)} Dy O 20
=E{g* (re" )g(rae (A.15)
= //// “(z1,y1)9(x2, ¥2)
D(z1,22,y1,y2) APPENDIX B
-p(x1, 72,91, 42) dry dyp dzo dys.  (A9) NONLINEAR AMPLIFIER WITH AM/AM AND AM/PM
The integral in (A.9) in polar coordinates becomes EXPRESSED BYBESSEL SERIES EXPANSION
//// (117 ) g(rpci®) If f(r) is the complex AM/AM and AM/PM distortion
! 2 function, it can be represented by Bessel series expansion (B.1)

D(r1,r2,01,82) whereb,,, are(L + 1) complex coefficients

- p(ry cos by, 12 cos ba)

~p(risinfy, rosinbs) - rire dry dre dby dfs. (1) < )
h J = b J . B.1
(A.10) fr)=hirje Z V2o (B-1)

m=0
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The /3 parameter may be chosen equal to (B.2) to be com-The integrals in (C.2) are all analytically solvable (the first
pliant with the notation used in [16], witBo? representing and third by [22, egs. (2.19.1.1), (2.19.3.5)], respectively), and
the input powerR,,. a normalization factord the input am- after some manipulations it is possible to obtain
plitude to which corresponds the saturation power, waitlde

input-backoff defined in (23). o — 1 (2n)! /7y
"oalln+ D) w20t
2m—1 2m—1 A
[iz[i(m,ry):(giﬁr\/ﬁ.g:(giﬁr.ﬁ_ (B.2) _,_i (+k+ 1) (~DF 2 c
o - R+ 2k+3) :

k=0
Substituting (B.1) into (10), we obtain the following expres-

2 -
sion for the coefficients: wherey = A%/20? is the input-backoff in respect to the soft

limiter saturation point.

1 1 Expression (C.3) may be enough to calculate easily,tteo-
9% nrl / Z bmJ1 </3( ) 3. O_) efficient, if attention is paid to truncating the series expansions at
D) =0 ) ak-term high enough to make the error small enough. Anyway,
"2 e ) it is possible to analytically calculate the sum of the series con-
T 52¢ e L( ) <20 ) dr tained in (C.3) obtaining an exact closed-form expression for
the ¢,, coefficients.
1 If P, (k) is the(n — 1)th-order polynomial expressed by
s b [ V0B - Vi) o
m=0 ) P, (k) :% =(k+3)-(k+4)------ (k4+n+1)
- LD (y) dy (B.3) —Pon +Pin kA P kL (C.4)

H b | | I vable [22. Q.(k) and R, are the quotient and the remainder of the
@ 19912616)(])\; dl?éeg)rallaec;miga ytically solvable [ €%ivision of P, (k) by (2k + 3), respectively, as expressed by

1
“n = nl(n + 1)! :(2k+3) '(QO,n+Q1,r;'k
L 2n41 2 + - 2n "’ k" +R0,n
Bl NN a2y
> b | 552 e (B.4)
) 2 = (2k +3) Z Gim k' | + Ron. (C.5)

which coincides with (24). It should be highlighted that the The ab ful onlv o Sub
Bessel series representation (B.1) of the amplifier nonlinearity N ‘é (5)ve exp(r:ezsmrr]\ is meaningfu En yfor- 1. Substi-
does not depend on the signal input powet (i.e., on the tating (C.5) into (C.3), the., expression becomes

y input-backoff). The PSD on the contrary depends onythe 1 (2n)! Ty
input-backoff trough, thet parameter of (B.2). Cn =T (n+1)! [ nl ontl
ad D*L [(2k+3) - Qn(k) + Ron] &
APPENDIX C +Z (= k)' [C )(2]? (3)) 0.n] A2
IDEAL PREDISTORTION(ENVELOPE SOFT-LIMITER) k=0 ) -
In this case, the nonlinear functiof(r) is a real function = 1 [(2”)! v
expressed by nl-(n+1)! [ nl  20H
n—2 o0 .
(D) i kg2, Bon
Nepmo o rsA4 +D G ) Kokt 4 =y
T . . . 0 (_1)k r 0 (_1)k (\/—)Qk-i—l
Substituting (C.1) into (10), the expression of thecoeffi- . Z - Mﬁ. Z Wy
cients becomes (C.2) with a variable change expressed-by — K 2 = ko 2k+1
Yy (C.6)
1 A/20% A After some manipulations and making use of known series
c, = — . ueyL(l)()—i-—
" o V2 sums [22], (C.6) becomes (C.7)
. e v LD S — D Sk UL
[/0 \/a ¢ L, (y) dy Cn nl(n+1)! [ <22n+1 .l 4 er (ﬁ))

A/25° 2 R . ‘ 2
- Ve LD (y) dy] } . (€2 +yee (% -3 din -Wl) .7
=0

0
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with Ry ,, simply obtained by (C.5) and expressed by (C.8) and Pr—1,n =Pn—2n—1s i=n—1

thed, ,, coefficients that are expressed by (C.9) Pin =Pictme1 +(+1) Pt

Ry, =P <_§> i=1,---,n—2
7 (2 2 1)' Pon = (7’L + 1) *Pon—1, 1= 0. (015)
n — . .
T 200 (p— 1) (n—1)! It is clear from (C.13) that
(2n)! Proin =1 Vn
=T (C.8) ’
2n—1 . 1 N+ 1)!
2 n! po,n=3'4'5"'(ﬂ+1)=% Vn (C.16)
= i ; and by the combination of (C.15), (C.16), (C.12), and
din = Z dpn - lz (-n™ < )mp] (C.9) (C.7)—(C.9), the recursive algorithm of Section Il for the
s m=1 coefficient calculation is obtained.

Now, we need to make coefficien} ,, of @, (k) explicitas a
function of coefficientp; ; of P, (k).
From (C.5), it is possible to write (C.10)

from expression (C.3).

APPENDIX D
Ron = Pu(k) — (2k + 3)Qn (k) NOISE POWER ON THEK TH CARRIER
n—1 n—2 . . . . . .
_ i Y The receiver input in the time-domain after A/D conversion
- z_% pimk' — (2k +3) - z_% Gink is expressed by
n2 sp(mT,) = su(mT;) + na(mTy) + n.(mT)
=(po.n = 3q0.n) + 2 (Pin = 2€i-1,0 — 3i,n) = a - s(mT,) +n(mT,). (D.1)
k4 (Pr—1n — 2¢n—2.1) (C.10) The received symbol on theth carrier after the DFT pro-
o . cessing (see Fig. 1) is expressed by (D.2) by means of (14) and
by which it is evident that (16).
Pn—1n — 2(]n—2,n =0, t=n—1 Ly —1 . §
—(2x  Jreks
Dign — 2qi—l,rn - 3(]z,n :07 1= 17 o, — 2 Zr[k] = Z Sr[m]e (/L)
. m=0
Po,n — 3(]07,,, = Rom,, 1= 0. (Cll) Tore—1 Loge—1
_ — (27 / Ly Ymk — (27 / Legg ymk
As a consequence, thg,, coefficients are recursively ob- = Z s[m]e @/ Lk y Z n[m]e (/L)
tained b m=0 m=0
Y 1 — k] + en[H]. (D.2)
don = g(pom — Ron), t=0 The power of the error contributiaf, [%] is expressed by
1 . *
Gin == Pin —2¢i—1.n) — 3Gin, t=1,---,n—2 P, [k] = e{en[kley [K]}
i‘ Leey—1 L —1
Qn—Q,n = §pn—l,n7 1 =n—1. (C12) = { Y;n[m]ci(%r/[l“t)nlk ];) n*[p]C](Qﬂ—/L“t)pk}
Thep; ; coefficient of B, (k) can also be recursively calcu- Loe—1 [Lere—1
lated making use of the definition in (C.4) = Z Z E{n[m]n*[p|} e~ @/ L mk

p=0 L m=0
. C*(?W/L[[t)pk
= n—l(k) . (k +n+ 1) (C13) L —1 [Leeg—1

Po(k) = (k+3)(k+4) - (k+n+1)

_ * — (27 / Ly )ymk
which can be exploited to obtain (C.14). The identity in (C.14) = Z Z Ry, [m — ple” @/ ]
allows us to obtain the recursive expression for ghe coeffi- p=0 L m=0
cient as expressed by (C.15). - eI @/ Ledrk

L —1

n—1 n—2

. . p:o
1=0 o, 1=0 Lifl
: < _ - Snl¥]
— n+ znkz‘i_ - nkn 1 nn
Po, ; Pink’ + Pa, et
k
n—2
:Lactsnn <_>
=(n+1)pon_1+ Z Pic1n-1 1,
=1

k .
+ (4 1)p sk + Pz a1k (C.14) = LactSnana <i> T Lactnne <i>

Thec, values forn = 0, 1 are obtained in an analogous way

Z [Snn[_k] . e—(?ﬁ/ﬁ[&)p(—k)]* . ej(?ﬁ/ﬁﬂt)pk

(D.3)
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a1

whereS,,..[-] is the discrete PSL¥,,,,(-) the continuous PSD of [18] G. Chrisikos and C. J. Cla#t al,, “A nonlinear ARMA model for sim-
the noise contribution, anfl,.; < Ly, are the active carriers
obtained by the difference between thg size and the number
of the switched-off carriers which constitute the guard-band o
the OFDM system.
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